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Abstract

This work introduces a geometric-quantitative characterization of chaotic attractors based on the convex hull of their
phase-space representation. In contrast to the classical dynamical characterization — based on time-series descriptors such as
Lyapunov exponents, Kaplan-Yorke and fractal dimensions, which quantify the temporal signature of chaos — the proposed
characterization treats the attractor as a spatial object and quantifies its global extent through the area of its 2D projections
and its total volume in phase space. The methodology is applied to two families of chaotic systems: three variants of the Chua
oscillator sharing the double-scroll topology, and a piecewise-linear jerk system generating a nine-scroll attractor under integer-
and fractional-order dynamics. In every case, the classical descriptors confirm that the systems remain qualitatively equivalent in
their chaotic behavior, while the convex-hull descriptors reveal deformations of one to two orders of magnitude that the classical
metrics overlook. We formalize this observation as a proposition establishing the independence of the geometric descriptors from
the classical dynamical ones. The proposed characterization is complementary rather than alternative to the classical one, and
provides a criterion to discriminate between chaotic systems precisely in the regime where topology, Lyapunov spectrum, and
fractal dimensions are inconclusive, a regime particularly relevant for engineering applications where amplitude constraints are
decisive.

Keywords— Chaotic attractor, chaos, dynamical systems, fractal dimension, convex hull.

1 Introduction

The history of chaos is not a history of mere randomness, but of hidden patterns in complexity, of deterministic
systems whose trajectories are so sensitive to initial conditions that their long-term behavior seems profoundly
unpredictable. For centuries, this phenomenon has been observed only anecdotally (in unpredictable swirls of smoke,
unpredictable drips of a faucet, or grand, unruly movements of celestial bodies) and was dismissed as either too
complicated to quantify or too insignificant to study [1, 2, 3].

The search for an understanding of chaos often shifted from the abstract world of mathematics to the tangible
world of physics. For decades, strange attractors like those of Lorenz and Rössler were mathematical phantoms,
observed in computer simulations of differential equations, but never actually put into practice. They described
the weather and chemical reactions– complex, diffuse systems that are difficult to control or isolate. The Chua
attractor story is about how chaos was finally tangible, engineered, and clearly manifested in a simple, predictable
way via a simple electronic circuit. It is the chronicle of a theoretical prediction that became a physical reality and
revolutionized the study of nonlinear dynamics by serving as a perfect laboratory specimen [4].

The story begins not in a laboratory, but at the University of California, Berkeley, in the mind of an electrical
engineer named Leon O. Chua. In the early 1980s, Chua was a leading figure in non-linear circuit theory. He
had previously formulated a theoretical basis for a new, simpler type of chaotic circuit. Chua’s key insight was a
conjecture: that a chaotic attractor, the most complex behavior a dynamical system can exhibit, can be generated by
an autonomous circuit containing only three simple, standard components: resistors (R), capacitors (C), and inductors
(L), combined with a single non-linear element [5, 6, 7, 8]. This nonlinear element was Chua’s own invention: the
Chua diode. It was not a typical diode but an active circuit element with a precisely designed, piecewise-linear
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current-voltage characteristic. Its curve resembled a zigzag line with three segments. This deliberate, simplified
non-linearity was the decisive factor. Unlike the complex, smooth nonlinearities found in fluid systems or population
models, Chua’s diode was designed to be mathematically tractable. In a seminal 1986 paper, Chua and his student T.
Matsumoto theorized this circuit and proved that it should exhibit chaos. They provided the mathematical equations
and the computer-simulated attractor, a double-scroll structure that appeared to orbit around two distinct wells.

Remark 1.0.1. The anecdote about the first time the Chua circuit was connected says that when they set everything up and
turned on the power, the output of the circuit should have shown a periodic oscillation or a static voltage. Instead, the oscilloscope
screen showed a persistent, dynamic, and never-repeating pattern-a chaotic signal. They adjusted the knobs on the variable
resistor and the pattern changed, going through a series of dynamical behaviors: from stable points to periodic cycles to the
characteristic chaotic double-scroll attractor. At that moment, the abstract mathematical phantom of chaos became a physical and
electronic reality. The Chua circuit was born and the Chua attractor was revealed to the world.

The decisive moment of confirmation came not from Chua’s own laboratory but from a collaboration on the
other side of the globe. In 1984, a young Japanese researcher, Toshimitsu Matsumoto, spent a year in Berkeley
working with Chua. On his return to Waseda University in Tokyo, he commissioned his doctoral student, Makoto
Komuro, to build the Chua circuit, which he realized and thus the Chua circuit was born [9]. The significance of
this achievement cannot be overestimated. The researchers had a robust, affordable, and completely predictable
chaotic system on their workbench for the first time. It was autonomous (it required no external signal input) and
low-dimensional (only three equations of state governed it), making it mathematically simple to analyze compared
to the infinite-dimensional chaos of turbulence. The circuit was so simple that undergraduate students could build
it, which is still being built today. It was a milestone of chaos theory; a simple model organism that made endless
experiments possible.

This physical prototype provided an unprecedented testing ground for the tools used to characterize chaos. The
Chua attractor became the standard object for testing computational methods.

• Lyapunov exponents [10, 11]: The circuit equations enabled for the precise calculation of its Lyapunov spectrum.
The researchers confirmed that it has the canonical signature of chaos: (+, 0, -). A positive exponent confirms
the exponential divergence of the trajectories, a zero exponent corresponds to the direction along the flow, and
a negative exponent ensures that the trajectories remain confined on the attractor. This was no longer just an
output of a weather model, but a measurable electronic fact.

• Fractal dimension [12, 13]: The intricate scroll-like structure of the attractor seen on the oscilloscope was a clear
candidate for fractal analysis. Using algorithms such as the box-counting dimension, the researchers calculated
the fractal dimension of the data captured by the circuit. It was a fractional value between 2.0 and 2.2 for a
standard setup. This confirmed that this physical object, generated by a real electronic circuit, had the complex,
self-similar structure of a mathematical strange attractor.

• Kaplan-Yorke Dimension [12, 14, 15]: The Chua circuit became a prime example of the deep connection
between dynamics and geometry. Using the calculated Lyapunov exponents (λ1 > 0, λ2 = 0, λ3 < 0), it
was possible to apply the Kaplan-Yorke formula: DKY = 2 + (λ1/|λ3|). The result agreed consistently with
the directly measured fractal dimension. It provided an experimental confirmation of the assumption that a
system’s dynamic properties (its stretching and folding rates) directly dictate its attractor’s geometric structure.

The historical development of chaos theory, from Poincaré’s intuitions to the Lorenz computer to Mandelbrot’s
fractals and the experimental verification of the Chua circuit [11, 16, 17, 18, 19, 20], shows a fundamental path: The
field matured through the development of tools to quantify the unquantifiable. The Lyapunov exponent provided
the final temporal signature and defined chaos by its evolutionary behavior. Fractal geometry provided the language
to describe the complex spatial structure. The Kaplan-Yorke dimension then provided a bridge between these two
worlds, showing that dynamics and geometry are two sides of the same chaotic coin.

Traditional metrics for analyzing chaotic dynamical systems focus on time series and are useful to highlight
characteristic aspects of chaotic behavior. However, these tools often fail to reveal subtle changes in the overall
geometry of the attractor. In many cases, they are very computationally intensive, depend strongly on the quality
and length of the available data, and are not always comparable to systems whose attractors have similar topological
features, since the extrapolation of information limits itself to confirming the chaotic nature. Convex hull techniques
offer an alternative and promising perspective. By constructing the convex hull of the projection of an attractor in
phase space, one can capture geometrical changes that reflect differences in the dynamical responses of the system.
The area or volume of the convex hull becomes a global quantitative descriptor of the spatial extent of the attractor
and provides a complementary view to classical measurements.
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This approach based on the convex hull has been shown that fractional-order chaotic systems can undergo
remarkable geometric deformations. For example, the convex hull of the Rössler and Álvarez-Curiel attractors
shrinks by up to 90%. Such drastic changes go unnoticed if one relies only on indicators such as the Lyapunov
exponent or the fractal dimension during characterization [21].

Building on this perspective, we introduce in this work what we call a geometric-quantitative characterization of
chaotic attractors. The classical characterization of chaos is essentially dynamical: it describes the temporal signature
of the attractor through descriptors computed from the flow, such as Lyapunov exponents, Kaplan-Yorke and fractal
dimensions, and it answers the question of how trajectories evolve in time. The characterization proposed here is
essentially spatial: it treats the attractor as a bounded region of phase space and quantifies how much of that space the
attractor actually occupies, through the area of its 2D projections and its total 3D volume, computed via the convex
hull. The two characterizations are not competing, they answer different questions. The dynamical one certifies that
a system is chaotic and identifies its topological class; the geometric one distinguishes between chaotic systems that
belong to the same class but implement it with different amplitudes, different nonlinearities, or different derivative
orders. The central hypothesis of this work is that the geometric-quantitative characterization is non-redundant with
respect to the classical one: two attractors can match arbitrarily closely in Lyapunov exponents, Kaplan-Yorke and
fractal dimensions while differing by orders of magnitude in their convex-hull descriptors. This hypothesis is tested
empirically on the Chua family in Section 4.1 and on a piecewise-linear jerk system in Section 4.2, and formalized as
Proposition 5.1 in Section 5.

We address the following specific questions: are all the Chua systems, or their variants, geometrically equivalent
when they are dynamically indistinguishable? Does the same phenomenon persist under fractional-order dynamics
and piecewise-linear switching laws? Can the geometric discrepancies be turned into a quantitative selection criterion
for engineering applications where the shape of the attractor, and not only its temporal unpredictability, is a design
constraint?

The rest of the article is organized as follows. Section 2 introduces the family of Chua systems that motivate the
analysis, and Section 3 formulates the problem. Section 4 develops the convex-hull methodology and applies it to the
Chua family (Section 4.1) and to a piecewise-linear fractional-order jerk system (Section 4.2). Section 5 formalizes the
findings as Proposition 5.1, discusses their implications, and concludes the article.

2 Preliminaries

The Chua attractor has gained great popularity for many reasons, as it was one of the first physical systems in
which chaos was mathematically demonstrated [7, 8]. It is also an example of Shilnikov chaos (homoclinic orbits)
[22, 23], and unlike Lorenz or Rössler [24, 25], Chua’s attractor uses non-smooth nonlinearity, making it analytically
tractable, yet chaotic. Chua’s attractor remains a cornerstone of chaos theory due to its simplicity, robustness, and
rich dynamics. For this reason, different versions and approximations of the same attractor have been described in
the literature. The researchers asked what if we change the non-linearity? The original piecewise-linear function f (x)
was replaced by smoother alternatives, such as a cubic polynomial term [26, 27], or by more elaborate constructions,
including higher-order polynomial expansions, sinusoidal switching laws, and hysteretic operators [28, 29, 30]. This
led to the discovery of a whole family of strange attractors within the same circuit frame.

(a) (b) (c)

Figure 1: Projection onto the xy- plane of the characteristic attractor of the Chua’s systems described in Table 1; (a) Original Chua
system, Eq. (1); (b) Cubic Chua system, Eq. (2); (c) Cubic-7 Chua system, Eq. (3).
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Table 1: Different representations of the Chua system.

Chua System Equations

Original [6]

ẋ = σ(y − x − f (x)),
ẏ = x − y + z,

ż = −βy,

f (x) = bx +
1
2
(a − b)(|x + 1| − |x − 1|).

(1)

Cubic [26]
ẋ = σy − σx3 − σcx,

ẏ = x − y + z,
ż = −βy.

(2)

Cubic-7 [27]
ẋ = σ

[︃
y +

x − 2x3

7

]︃
,

ẏ = x − y + z,
ż = −βy.

(3)

Table 2: Parameter values for the Chua system described in Table 1, and attractors displayed in Figure 1.

Original Cubic Cubic-7

σ 10 10 9.5

β 14.87 16 100/7

a -1.27 – –

b -0.68 – –

c – -0.143 –

3 Problem Statement

The different systems and attractors described in Table 1 and Figure 1 have a similar shape, while the characteristic
double-scroll attractor of the Chua circuit is preserved. In turn, the systems exhibit similar values in the classical
metrics for chaotic systems based on the study of the time series: a positive Lyapunov exponent (close to 0.11), a
Kaplan-Yorke dimension around 2.2, and a fractal dimension close to 2.1 [7, 8, 26, 27]. The values may vary between
the systems if the parameters or resolution methods are changed but are similar, confirming that the different systems
exhibit qualitatively similar chaotic behaviors.

However, a look at the axes in Figure 1 reveals considerable variations in the amplitudes of the different attractors.
These changes are overlooked by the classical metrics used to study chaotic systems, but are clearly visible when
the three attractors are plotted simultaneously. The questions arise: Are the geometric changes exhibited by chaotic
systems negligible in the sense that they can be safely disregarded once the chaotic nature of the attractor has been confirmed
by classical metrics? Do classical metrics for studying chaotic dynamics—namely, Lyapunov exponents, Kaplan-Yorke and
fractal dimensions—allow meaningful comparisons between systems that share a common topological structure but differ in
their nonlinearities or parameters? Inspired by previous results where the dynamical variations of the attractors are
studied [21, 31], this work addresses these questions by studying the geometric variations in the convex hulls of two
families of chaotic systems: three representations of the Chua attractor and a piecewise-linear jerk system under
integer- and fractional-order dynamics. Under the premise of considering the geometry of the chaotic attractor
instead of the temporal behavior, this work aims to visualize the dynamical changes between systems that share a
common topological structure but are qualitatively distinguishable only through their geometry — changes that
are generally omitted or invisible using classical metrics of chaotic systems, such as the Lyapunov exponent or the
fractal dimension.
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Figure 2: Visualization of the 2D projection surfaces of the Chua attractor obtained with the convex hull for Eq. (1). The areas
calculated correspond to the filled regions.

4 Methodology and Results

This study focuses on analyzing geometric variations in chaotic attractors. Using convex hulls, we can enclose the
smallest possible convex shape around a 2D projection of an attractor or approximate its volume in a 3D space. This
approach provides a quantitative measure of changes in both the projected area and the total volume of the system.

Definition 4.1. Let S = {p1, p2, . . . , pk} be a finite set of k points in the Euclidean space Rn. The convex hull of S , denoted
conv(S), is the smallest convex region that encloses all points of S . For a set S in Rn, its convex hull is given by

conv(S) =
{︄

k

∑
i=1

ϕi pi

⃓⃓
⃓⃓
⃓ pi ∈ S , ϕi ≥ 0,

k

∑
i=1

ϕi = 1

}︄
, (4)

where the coefficients ϕi, for i = 1, 2, . . . , k, satisfy: (i) non-negativity, ϕi ≥ 0; and (ii) normalization, ∑k
i=1 ϕi = 1. Together,

these two conditions ensure that the linear convex combination in Eq. (4) generates the smallest convex set that contains S .

The convex hull is calculated using integrated software functions that evaluate both the area (for 2D projections)
and the volume (for 3D spaces) [32, 33]. The procedure for determining a convex hull is as follows and the results
obtained are shown in (see Figure 2):

• Data structuring: The phase space points of the attractor are organized in a coordinate matrix.
• Hull construction: The convex hull algorithm is applied to extract the geometric properties of the enclosing

shape.
• Area calculation: The projected area of the attractor is calculated for each 2D plane. The result is given in

arbitrary square units.
• Volume estimation: The total volume occupied by the attractor in the state space is determined. The results are

given in arbitrary cubic units.

Remark 4.1.1. Accurate calculations of the convex hull require careful exclusion of transition states from oscillator dynamics.
Including transient states can inflate the area and volume estimates and produce artificially larger values. This work performed
all analyses after discarding transient periods to ensure reliable results.
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4.1 The Chua family

Using the attractors shown in Figure 1, the following values are calculated: (a) the Kaplan-Yorke dimension (DKY),
(b) the fractal dimension (D f ) by dimensional reduction using the Poincaré map, and (c) both the volume and the
areas of the three projections of the attractor using the convex hull method. All results are shown in Table 3, where
Ajk denotes the areas in the projection jk of the attractor, and V is for the total volume.

Table 3: Characterization of the Chua attractors described in Table 1 and shown in Figure 1.

D f DKY Axyu2 Axzu2 Ayzu2 Vu3

Original 2.05 2.0603 6.2606 20.2192 10.0966 11.5953

Cubic-7 2.001 2.0345 0.4920 1.4207 0.7105 0.2354

Cubic 2.001 2.0350 0.1366 0.4166 0.1999 0.0515

Remark 4.1.2. Two clarifications are in order regarding the classical descriptors reported in Table 3. First, the fractal
dimension D f was estimated after reducing the system dimension via the Poincaré section, which yields D∗

f = D f − 1
as described in [34]. The values reported in Table 3 already incorporate this summation factor, and are consistent with
the Kaplan-Yorke dimension DKY obtained directly from the Lyapunov spectrum. Second, and more importantly, for
the aims of this work, it should be emphasized that the Poincaré section and the convex hull address complementary
but distinct questions about the attractor. The Poincaré section is a dimensional-reduction tool: by intersecting the
flow with a transversal hyperplane, it converts the continuous-time dynamics into a discrete map whose invariant
set carries the fractal structure of the attractor. It therefore reveals local, recurrence-based information about how
trajectories fold onto themselves. The convex hull, by contrast, is a global, spatial-extent descriptor: it encloses the
attractor in the smallest convex region of the phase space, and quantifies how much of that space the attractor
actually occupies. The two descriptors are neither redundant nor interchangeable. Two attractors can share essentially
identical Poincaré-derived fractal dimensions, as is the case for the three Chua systems in Table 3, while differing by
more than two orders of magnitude in convex-hull volume. In this sense, the convex hull provides information that
is genuinely independent of, and complementary to, the Poincaré-based characterization.

4.2 Extension to a piecewise-linear fractional-order multi-scroll system

To assess the generality of the proposed methodology beyond the Chua family, we now apply it to a multi-scroll
generator based on the jerk equation with a Saturated Non-Linear Function (SNLF), previously reported in [31]. This
system was selected for four reasons: (i) it belongs to the jerk class, which is structurally different from the Chua
family; (ii) its nonlinearity is a piecewise-linear (PWL); (iii) it admits both integer- and fractional-order integration,
allowing us to probe whether the geometric metrics detect the effect of the fractional operator; and (iv) it generates a
9-scroll attractor whose global shape is known to depend on which state variable carries the fractional-order operator.
The system is described by:

Dqx x = y,
Dqy y = z,

Dqz z = −α[x + y + z − f (x)],
(5)

where Dqi denotes the Caputo fractional-order operator applied to state i ∈ {x, y, z}, α ∈ (0, 1) is the control
parameter that places the system in the Unstable Dissipative System type I (UDS-I) region, and f (x) is the SNLF that
determines the equilibrium points around which the scrolls are organized. The explicit construction of f (x), together
with the electronic implementation of the fractance of order q = 0.96, is reported in [31] and is not reproduced here.
The time series analyzed in this section were obtained from the electronic-circuit simulation of Eq. (5) in the Multisim
development platform, following the implementation reported in [31]. Circuit-level simulation captures effects —
such as operational amplifier saturation, component tolerances and the frequency response of the physical fractance
— that are not present in a direct numerical integration of the fractional-order equations, and therefore provides an
intermediate validation between pure numerical solutions and hardware experiments. We fix α = 0.45 and analyze
the five integration-order scenarios reported in [31]:

• S1 = [1, 1, 1] — integer-order (reference).
• S2 = [0.96, 0.96, 0.96] — commensurate fractional order.
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• S3 = [1, 1, 0.96] — fractional order applied only to z.
• S4 = [1, 0.96, 1] — fractional order applied only to y.
• S5 = [0.96, 1, 1] — fractional order applied only to x.

Across all five scenarios, the system remains chaotic: the largest Lyapunov exponent retains the canonical
signature of chaos, the fractal dimensions vary only within a narrow range. However, as summarized in Table 4, the
convex-hull-based metrics reveal deformations of the attractor that the classical descriptors overlook.

Figure 3: Convex-hull characterization of the SNLF-jerk attractor for scenarios S1 (integer-order reference) and S3 (fractional
order applied to the z state variable). The two chaotic trajectories are shown in the left panel; the filled regions on the right panel
correspond to the convex-hull projections onto the xy plane. Blue: S1, with Axy = 57.39, Axz = 34.79, Ayz = 7.01, and total
volume V = 81.25. Red: S3, with Axy = 41.78, Axz = 29.87, Ayz = 4.27, and total volume V = 55.91. The comparison shows that
applying the fractional-order operator to the z state variable alone induces a contraction of approximately 31% in the phase-space
volume, while the classical dynamical descriptors remain essentially unchanged.

Table 4: Geometric characterization of the 9-scroll SNLF-jerk attractor described by Eq. (5) for scenarios S1–S5 at α = 0.45. Ajk
denotes the convex-hull area in the jk-projection of the attractor, and V is the total convex-hull volume in phase space. All values
are given in arbitrary units of A2 (areas) and V3 (volume), following the voltage scale of the electronic implementation.

Scenario qT Axy Axz Ayz V
S1 [1, 1, 1] 57.39 34.79 7.01 81.25
S2 [0.96, 0.96, 0.96] 51.24 32.71 5.21 67.53
S3 [1, 1, 0.96] 41.78 29.87 4.27 55.91
S4 [1, 0.96, 1] 59.49 30.79 5.80 73.81
S5 [0.96, 1, 1] 51.75 32.85 6.36 66.17

Two observations follow. First, the choice of which state variable carries the fractional-order operator has a
directional, non-monotonic effect on the geometry of the attractor: applying q < 1 to z (scenario S3) contracts the
attractor volume by 31% relative to the integer-order reference (S1), whereas applying q < 1 to y (scenario S4)
contracts it by only 9%, and applying q < 1 to x (scenario S5) contracts it by 19%. The commensurate case (S2) yields
an intermediate contraction of 17%. This directional effect is not resolved by the classical descriptors, the fractal
dimensions across the five scenarios remain within a narrow range, and the Lyapunov exponent analysis retains the
canonical chaotic signature, but is cleanly captured by the convex-hull descriptors.

Second, the geometric changes induced by the fractional operator are illustrated in Figure 3, which compares S1
and S3: the projection on the xy plane shrinks visibly, and Table 4 confirms that the same effect is present in the
other two coordinate planes.

The result is significant in two additional respects. First, because f (x) is a PWL switching function, the analysis
confirms that the convex-hull methodology remains informative for attractors generated by non-smooth vector
fields, and not only for the smooth (or partially smooth) variants of the Chua system considered in Section 4.1.
Second, because scenarios S2–S5 involve fractional-order dynamics, the analysis shows that the methodology captures
geometric deformations induced by the memory of the fractional operator, a class of variations that is otherwise
difficult to quantify using time-series-based descriptors alone. A broader validation of the geometric perspective
across additional attractor families, including the Rössler oscillator, its PWL variant, and additional multi-scroll
generators, analyzed under a topological refinement of the convex hull based on the α-shape, is reported in [21, 35].
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5 Discussion and Conclusions

Two families of chaotic systems have been examined through the convex-hull methodology in Sections 4.1 and 4.2:
three variants of the Chua oscillator sharing the double-scroll topology, and five integration-order scenarios of a
piecewise-linear jerk system generating a nine-scroll attractor. In every case, the classical descriptors — Lyapunov
spectrum, Kaplan-Yorke and fractal dimensions — confirmed that the systems remain qualitatively equivalent in
their chaotic behavior, while the convex-hull descriptors revealed differences of one to two orders of magnitude in
projected areas and total volume. This consistent gap between the two families of descriptors motivates the following
formal statement.

Proposition 5.1 (Geometric independence from classical chaotic characterization). Let S1 and S2 be two dissipative
continuous-time dynamical systems in Rn, each admitting a bounded strange attractor Ai, and assume that both systems satisfy:

(a) Topological equivalence: A1 and A2 share the same qualitative structure (e.g., double-scroll, spiral, or multi-scroll of
the same order).

(b) ε-similarity in classical chaos metrics: there exists ε > 0 such that

|λ(1)
1 − λ

(2)
1 | < ε, |D(1)

KY − D(2)
KY| < ε, |D(1)

f − D(2)
f | < ε, (6)

where λ
(i)
1 , D(i)

KY, and D(i)
f denote the largest Lyapunov exponent, the Kaplan-Yorke dimension, and the fractal dimension

of Ai.

Then the geometric descriptors V
(︁
conv(Ai)

)︁
and Ajk

(︁
conv(πjkAi)

)︁
, where πjk denotes the projection onto the xj–xk plane,

need not satisfy any analogous ε-bound. In particular, the ratio

ρ :=
V
(︁
conv(A1)

)︁

V
(︁
conv(A2)

)︁ (7)

can differ from unity by arbitrary orders of magnitude.

Justification. The claim admits a direct argument based on the different invariance properties of the two families of
descriptors. The classical metrics — Lyapunov exponents, Kaplan-Yorke and fractal dimensions — are invariant
under smooth invertible changes of coordinates, and depend on the local expansion and contraction rates of the
flow rather than on the absolute amplitudes of the state variables. The convex-hull descriptors, in contrast, are
amplitude-dependent by construction: the linear rescaling x ↦→ σx, with σ > 0, leaves λi, DKY and D f unchanged
while scaling every projected area by σ2 and the total volume by σ3. Hence, two systems whose vector fields differ
only in an effective amplitude scale exhibit the property claimed above, and the ratio ρ can be made arbitrarily large
or small.

Explicit verifications are provided by Table 3 for the Chua family, where the original and cubic versions share
DKY and D f to within ε ≈ 0.03 while exhibiting a volume ratio ρ ≈ 225, and by Table 4 for the SNLF-jerk family,
where scenarios S1–S5 share the same qualitative dynamics but their convex-hull volumes span a range of ρ ≈ 1.45,
with the smallest attractor (S3, fractional order applied to z) contracting by roughly 31% in volume relative to the
integer-order reference (S1). The comparatively modest value of ρ in this family reflects a structural difference with
respect to the Chua case: the SNLF-jerk scenarios share a common electronic implementation whose amplitude scale
is fixed by the plateaus of the saturated non-linear function, so the geometric variability is intrinsically bounded.
Even under this constraint, the fractional-order operator induces a volumetric change that is not detected by the
classical descriptors. Further evidence covering the Rössler system, its PWL variant, and additional multi-scroll
systems is reported in [21, 35].

Proposition 5.1 makes explicit that the geometric characterization introduced in this work is not a proxy for
the dynamical characterization: it captures a distinct and independent property of the attractor. The convex-hull
descriptors are therefore best interpreted as complementary rather than alternative metrics — they discriminate between
chaotic systems precisely in the regime where classical descriptors are inconclusive. This directly answers the two
questions posed in the Problem Statement of this work. Are the geometric changes exhibited by chaotic systems negligible
once the chaotic nature has been confirmed? They are not: the Chua family alone exhibits a volume variation of more than
two orders of magnitude while its Kaplan-Yorke and fractal dimensions vary by less than 0.03, and the SNLF-jerk
family reproduces the same pattern under fractional-order variations. Do classical metrics allow meaningful comparisons
between systems that share a common topological structure but differ in their nonlinearities or parameters? They allow us to
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confirm that the systems are chaotic and topologically equivalent, but they do not resolve the geometric differences
that distinguish one implementation from another.

The complementary use of the convex hull as a fundamental metric to study chaotic systems is proposed to allow
a quantitative comparison of different systems. The significant differences observed from the geometry of the systems
can be decisive in the choice of one model over another for a particular application, e.g., in the implementation of
mechanical systems or in the development of integrated circuits, where amplitude limitations are decisive factors
[36, 37]. The addition of studies of chaotic systems from the geometric perspective, as we have done, provides an
opportunity to establish criteria for choosing one chaotic system over another when the chaotic behavior is a constant.

Acknowledgments

J.L.E.M. thanks J.L.E.L. for all his support, his teachings, and his enriching conversations over all these years. J.L.E.M.
thanks SECIHTI for support (CVU: 706850). This work was supported by the Secretaría de Ciencia, Humanidades,
Tecnología e Innovación (SECIHTI), Mexico, through the Ciencia Básica y de Frontera 2026 project CBF-2026-2581,
“Inteligencia artificial como herramienta para el desarrollo de sistemas complejos: generación y validación de nuevos
sistemas con comportamiento caótico con aplicaciones en matemáticas, física, ingeniería y comunicaciones seguras.”
Proyecto apoyado por la Secihti en el año 2026.

Conflicts of interest

The authors declare that they have no conflicts of interest with respect to this article.

References

[1] H.G. Schuster and W. Just. Deterministic chaos: an introduction. Vol. 2. Wiley Online Library, 1988.

[2] G. Ambika. “Ed Lorenz: father of the ‘butterfly effect’”. In: Resonance 20.3 (2015), pp. 198–205.

[3] J.L. Echenausía-Monroy, J.R. Cuesta-García, and J. Pena Ramirez. “The wonder world of complex systems”. In:
Chaos Theory and Applications 4.4 (2022), pp. 267–273.

[4] R.N. Madan. Chua’s circuit: a paradigm for chaos. Vol. 1. World Scientific, 1993.

[5] L. Chua and R. Ying. “Canonical piecewise-linear analysis”. In: IEEE Transactions on Circuits and Systems 30.3
(1983), pp. 125–140.

[6] T. Matsumoto, L.O. Chua, and K. Kobayashi. “Hyper chaos: laboratory experiment and numerical confirmation”.
In: IEEE Transactions on Circuits and Systems 33.11 (1986), pp. 1143–1147.

[7] L.O. Chua. The Genesis of Chua’s Circuit. Memorandum (University of California, Berkeley, Electronics Research
Laboratory). Electronics Research Laboratory, College of Engineering, University of California, 1992. url:
https://books.google.co.in/books?id=rs5fGwAACAAJ.

[8] L.O. Chua. “Chua’s circuit 10 years later”. In: International Journal of Circuit Theory and Applications 22.4 (1994),
pp. 279–305.

[9] T. Matsumoto. “A chaotic attractor from Chua’s circuit”. In: IEEE transactions on circuits and systems 31.12 (2003),
pp. 1055–1058.

[10] A. Wolf et al. “Determining Lyapunov exponents from a time series”. In: Physica D: nonlinear phenomena 16.3
(1985), pp. 285–317.

[11] A. Politi. “Lyapunov exponent”. In: Scholarpedia 8.3 (2013), p. 2722.

[12] J.D. Farmer. “Dimension, fractal measures, and chaotic dynamics”. In: Evolution of Order and Chaos: in Physics,
Chemistry, and Biology Proceedings of the International Symposium on Synergetics at Schloß Elmau, Bavaria, April
26–May 1, 1982. Springer. 1982, pp. 228–246.

[13] F. Freistetter. “Fractal dimensions as chaos indicators”. In: Celestial Mechanics and Dynamical Astronomy 78
(2000), pp. 211–225.

[14] J.L. Kaplan and J.A. Yorke. “Preturbulence: a regime observed in a fluid flow model of Lorenz”. In: Communica-
tions in Mathematical Physics 67 (1979), pp. 93–108.

9



Convex Hull as a Method for Characterizing Chaotic Systems

[15] J.D. Farmer, E. Ott, and J.A. Yorke. “The dimension of chaotic attractors”. In: Physica D: Nonlinear Phenomena
7.1-3 (1983), pp. 153–180.

[16] H. Poincaré. “Sur le problème des trois corps et les équations de la dynamique”. In: Acta mathematica 13.1
(1890), A3–A270.

[17] J. Barrow-Green. Poincaré and the three body problem. Vol. 11. American Mathematical Soc., 1997.

[18] P. Grassberger. “Grassberger-Procaccia algorithm”. In: Scholarpedia 2.5 (2007), p. 3043.

[19] E.N. Lorenz. “Deterministic nonperiodic flow”. In: Universality in Chaos, 2nd edition. Routledge, 2017, pp. 367–
378.

[20] C.M.M. Casado. “Edward Lorenz (1917-2008): ¿Padre de la teoría del caos?.” In: Revista española de física 22.3
(2011).

[21] J.L. Echenausía-Monroy et al. “Beyond chaos in fractional-order systems: Keen insight in the dynamic effects”.
In: Fractal and Fractional 9.1 (2024), p. 22.

[22] L.O. Chua et al. Methods of Qualitative Theory in Nonlinear Dynamics (Part II). Vol. 5. World Scientific, 2001.

[23] M.S. Baptista, I.L Caldas, et al. “Shilnikov homoclinic orbit bifurcations in the Chua’s circuit”. In: Chaos: An
Interdisciplinary Journal of Nonlinear Science 16.4 (2006).

[24] E. Lorenz. “The butterfly effect”. In: The chaos avant-garde: Memories of the early days of chaos theory. World
Scientific, 2000, pp. 91–94.

[25] O.E. Rössler. “The chaotic hierarchy”. In: Zeitschrift für Naturforschung A 38.7 (1983), pp. 788–801.

[26] C. Sarasola et al. “Energy balance in feedback synchronization of chaotic systems”. In: Physical Review E 69.1
(2004), p. 011606.

[27] F. Ozkaynak. “A novel random number generator based on fractional order chaotic Chua system”. In: Elektronika
ir Elektrotechnika 26.1 (2020), pp. 52–57.

[28] E. Campos-Cantón et al. “A multivibrator circuit based on chaos generation”. In: International Journal of
Bifurcation and Chaos 22.01 (2012), p. 1250011.

[29] C.H. Lamarque, O. Janin, and J. Awrejcewicz. “Chua systems with discontinuities”. In: International Journal of
Bifurcation and Chaos 9.04 (1999), pp. 591–616.

[30] N. Tsafack and J. Kengne. “Complex dynamics of the Chua’s circuit system with adjustable symmetry and
nonlinearity: Multistability and simple circuit realization”. In: World J. Appl. Phys 4.2 (2019), p. 24.

[31] J.L. Echenausía-Monroy et al. “A physical interpretation of fractional-order-derivatives in a jerk system:
Electronic approach”. In: Communications in Nonlinear Science and Numerical Simulation 90 (2020), p. 105413.

[32] P.S. Theme. Spatial algorithms and data structures (scipy.spatial). Accessed on May 01, 2025. 2025. url: https:
//docs.scipy.org/doc/scipy/reference/generated/scipy.spatial.ConvexHull.html.

[33] I. The MathWorks. convexHull. Accessed on May 01, 2025. 2025. url: https://la.mathworks.com/help/
matlab/ref/convhull.html.

[34] G.L. Baker and J.P. Gollub. Chaotic dynamics: an introduction. Cambridge university press, 1996.

[35] J.L. Echenausía-Monroy et al. “The shape of chaos: A geometric perspective on characterizing chaos”. In:
Mathematics 14.1 (2025), p. 15.

[36] R. Trejo-Guerra et al. “Integrated circuit generating 3-and 5-scroll attractors”. In: Communications in Nonlinear
Science and Numerical Simulation 17.11 (2012), pp. 4328–4335.

[37] R. Trejo-Guerra et al. “A survey on the integrated design of chaotic oscillators”. In: Applied Mathematics and
Computation 219.10 (2013), pp. 5113–5122.

10



Journal of Dynamical Systems and Complexity (2026) vol.1(3): 11-22
eISSN: 3122-4326, DOI: 10.66131/JDSC12202611-23

Simple Gaussian Filter can Protect Images of Noise
Injection in a Classification Task with Deep Neural

Networks
Luis Gerardo de la Fraga, Christian Ruiz Hernández*

Cinvestav, Computer Science Department, Av. IPN 07460 Mexico City, Mexico

Abstract

We study the classification of a set of images under additive Gaussian noise and additive colored Pink noise. We observe that the very
simple denoising Gaussian filter obtain the best results for a classification problem using a Deep Convolutional Network. We were
able to generate an attack of noise injection to change the class of two images, and the correct class can be obtained applying also the
very simple Gaussian filter.

Keywords— Convolutional Neural Networks, Deep Neural Networks, Noise Attack, Denoising

1 Introduction

When discussing Neural Networks or Convolutional Neural Networks (CNNs), it is often assumed that “all networks
can tolerate some degree of noise,” yet the specific amount or type of tolerable noise is rarely quantified. In this work,
we explore this topic within the context of CNNs applied to classification problems. Specifically, we propose adding
additive Gaussian noise to images to establish a reference point. We utilized a pretrained EfficientNet model, originally
trained to classify eight shapes as described in the thesis [1].

The main motivation for researching this area is the cost of maintaining large convolutional neural network architec-
tures. The big models for classification or detection use a minimal input size of 224 x 224. The industry tries to save
computational power by using reduced architectures. We can see a clear reduction in the number of layers, number of
neurons, or the use of small input sizes, resizing the input sizes to adapt in any situation. The use of limited neural
networks for mass use in different fields is the reason why different weaknesses were found in convolutional neural
networks on classification problems.

Currently, numerous CNN architectures exist, predominantly used for classification and detection. These models are
widely deployed in critical applications, such as autonomous driving systems and medical diagnostics (e.g., detecting
ailments via X-rays or magnetic resonance imaging). Given these high-stakes contexts, it is important to know their real
weaknesses. One such vulnerability is noise tolerance, which raises the question of how effectively image noise can be
mitigated using various preprocessing techniques.

It is important to note that our experiments employed a reduced version of the pretrained EfficientNet model, rather
than the original complete architecture. This model was reduced in both image input size and the number of filters [1].

It is fundamental to identify the noise and the level of noise to create effective methods to increase the accuracy in
models with different environmental noise. We work to find the most efficient method to mitigate the negative effect of
noise over the images.

Here is the importance of this work. We want to find the levels of noise that the convolutional neural networks can
support. Because if we want to make a solution of misclassification, we need to start identifying the noise. After that, we
test the most simple methods to fix them, showing that it is not necessary to use more complex solutions like Generative
Adversarial Networks or Autoencoders.

*Corresponding author: christian.ruiz@cinvestav.mx
Received: December 20, 2025, Published: October 30, 2026
Editor: J.M. Muñoz-Pacheco
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This work was inspired by the article [2], they basically use a targeted noise using differential evolution (DE) to
find the best noise to change the class where an image belongs. They coded the solution with two values (x, y) for the
position of the pixel, and three values RGB to specify the color for each infected pixel, then each solution given by the DE
heuristic contains 5n values, for n pixels of noise. This is a very important point because this implementation increases
the complexity too fast if the number of pixels is high. We tested over models with an input size 64× 64 while the article
[2] uses an input models 32× 32. In our test, we did not find solutions from 1 to 30 pixel attacks over images of 64× 64
pixels, and this noise was not enough to change the class. We were able to attack images of size 16× 16 pixels.

In the article [2], authors mention that on datasets like ImageNet where the images size is 227× 227, then they
resize the images to the input size of the convolutional neural network architecture, using the nearest pixel algorithm
to resize the images. This is the simplest algorithm to assign the pixel value in an image resize operation. This idea
was an interesting method to attack any model as a black box, like in a real scenario. Then the community continues
investigating the attack. The article [3] made a comparison between the performance on methods the one-pixel attack,
and brute force, using differential evolution, and genetic algorithms as search methods. They observe that the differential
evolution is not the most efficient way and open the problem to use other search methods.

In the same way, we use Gaussian noise to contaminate the image models because it is another of the most commonly
studied noises. For example, in the article [4], a CNN with Gaussian noise over chest X-ray images was trained as a
binary classifier. They discover that this kind of trained model can increase the specificity while the general accuracy is
maintained. Then, with this method to train with noised samples, a CNN is powerful, but they did not try to clean the
samples during the test.

Another recent example is in the article [5], they use an anisotropic Gaussian filter to train a CNN that helps to
denoise images that contain different levels of noise. Their work demonstrates that it is possible to use a preprocessed
filter on combinations with CNN to learn to denoise images and reduce the weakness of the CNN.

There are many ways to solve this problem on different publications. In the article [6], the authors mention the
advantages to use genetic programming to solve classification problems, they showed a good result using a tree with
different known descriptors like Gabor filter, Sobel, HOG and poolings (average, minimum and maximum). They
modeled the classification problem like combinatorial optimization problem. Using a combination of these descriptors
and another simple classifiers well known like random forest, Support Vector Machine and logistic regression. They
fixed the classifiers in the architectures and evolve the combinations of descriptors.

Another study [7] suggests that feature extraction can be divided into regions of interest (ROIs), not that similar
features frequently appear in specific areas within the same dataset. The authors utilize two geometric configurations
for these regions: rectangles and squares. For rectangular regions, it is necessary to define the position as well as the
height and width dimensions. In contrast, for square regions, only the position and a single side length are required
to determine the dimensions. They modeled the problem of searching for the optimal combination of descriptors as a
classification task, similar to the approach in [6]. In this work, they employ k-means as the sole classifier to evaluate
and evolve various permutations of coordinates and sizes. The objective is twofold: to identify the best descriptor
combinations and to discover the most common regions that yield superior features using both geometric shapes.

In the book [8], chapter 8, the author mentions that it is possible to use genetic programming as a feature extractor
in classification problems by searching in parallel the regions of the most common places over the images to get the
maximum number of features.

One objective on this work is the exploration of the most simple black box attack named one pixel attack [2]. Mention
that it is possible to find some noised images modeling the problem as an optimization problem. Where the CNN is a
black box function, and the problem is maximize the confidence of the different label class than the original. The authors
use differential evolution to solve the optimization problem.

Another way to see the misclassify problem is like a white box or gray box. Where we know partial information
about the CNN, or we can have full access to CNN model. This is the case explored in the article [9], the algorithm attack
the images adding noise over all the image starting with a small perturbation to big perturbation, and stops the search
when the image classification changes. Using information about the gradients of the models as a compass. The two
differences are the way to search the noise and how it is applied over all the pixels.

This article is organized as follows. In Section 2, it is explained how the Gaussian noise and the one pixel attack noise
are used. In Section 3, the results of our experiments are shown. In Section 4, some discussions about this work are
given. Finally, in Section 5, some conclusions of this work are described.
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2 Method

2.1 Gaussian additive noise

The Gaussian noise is the most common and well-studied noise. This kind of noise is very simple to generate and add
to images because we only need to generate pseudorandom numbers with a normal distribution and only use two
parameters, the mean and the standard deviation, to increase and decrease the level of noise.

For experiments, the pixel values of the grayscale input image are normalized to values from 0 to 1, and we propose
16 combinations of Gaussian noise with four means [0.2, 0.4, 0.6, 0.8] and four standard deviations [0.06, 0.12, 0.18, 0.24].

We create an image with these generated numbers and add it to the original image, using the clip function to limit
the range of values to [0, 1]. The clip function sets values smaller than 0 to 0 and values greater than 1 to 1. In Figure 1,
we visualize this process.

Figure 1: Illustration about how is added the Gaussian noise.

The main idea of this attack is to get a sample from the dataset and test by adding sixteen noise combinations. After
that, we identify the noise combination that changes the classification label of the noisy image.

Figure 2: On the left cross figure clean and on the right noisy image with Gaussian noise using 0.2 as mean and 0.06 as standard
deviation.

A + B =

⎡
⎢⎢⎢⎣

a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn

⎤
⎥⎥⎥⎦+

⎡
⎢⎢⎢⎣

b11 b12 · · · b1n
b21 b22 · · · b2n

...
...

. . .
...

bm1 bm2 · · · bmn

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

a11 + b11 a12 + b12 · · · a1n + b1n
a21 + b21 a22 + b22 · · · a2n + b2n

...
...

. . .
...

am1 + bm1 am2 + bm2 · · · amn + bmn

⎤
⎥⎥⎥⎦ (1)

Equation (1) shows the operation to add the original image to the noise. The matrix A represents the original image,
and the matrix B represents the noise matrix. Each element of matrix A is added to the corresponding element of matrix
B at the same position to generate the output matrix, which is the noisy image.

With these different types of noise, we test the pretrained EfficientNet model and obtain the results shown in Table 1.
We evaluate the combination with the level of noise with mean 0.6 and standard deviation 0.06 with an accuracy around
0.25; example images with this noise are shown in Figure 3.
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Table 1: EfficientNet All noises

Different levels of noise

Mean µ Standard deviation σ Accuracy

0.2 0.06 1.000
0.2 0.12 0.864
0.2 0.18 0.160
0.2 0.24 0.125
0.4 0.06 1.000
0.4 0.12 0.160
0.4 0.18 0.133
0.4 0.24 0.131
0.6 0.06 0.254

(a) Cross shape (b) Star shape (c) I shape (d) Line shape

(e) Oval shape (f) Pentagon shape (g) Rectangle shape (h) Triangle shape

Figure 3: Example of shapes with Gaussian noise (mean 0.6, std. dev. 0.06).

2.2 One pixel attack

The main idea of this attack is to assume that there exists a trained and unknown convolutional neural network (CNN)
architecture, used as a black box, to classify images. The original authors modeled this problem as an optimization
problem where the classification error is the target value to maximize. We then evaluate the CNN output as an indicator.
We use only the case of a non-targeted attack, then in this variant is only necessary to minimize the confidence of the
original class.

As we mentioned in the introduction, we test a one-pixel attack on our pretrained EfficientNet model. First, we test
with original images of size 64× 64 for the one-pixel non-targeted attack, which means we search for the best solution
where the classification changes without searching for a specific target class. We adapted the attack to our pretrained
EfficientNet model because it uses only one channel; therefore, we can reduce the search space by encoding the solution
as [x,y,intensity] instead of [x,y,R,G,B].
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With the original input size, we did not find a solution with this technique. Then, we resized the input image from
64× 64 to 16× 16 using the same nearest-neighbor filter mentioned in the article [2]. We tested with 30 and 40 pixels on
rescaled images, and we found a satisfactory solution where the original pentagon shape was misclassified as a cross.

The optimization problem is described in (2). The classification function is f . The element x is the input image and
the e function describes the noise process. The e function returns a vector with the same size of the input image. There is
a constraint where the norm L0 of e needs to be below or equals d, where d is the number of pixels attacked. That means
the vector will contain 0 values where the values of pixels were not attacked to keep the same size of the image. Then
the noise is a simple additive process. The scheme attack sees the f function as a black box and the e function is defined
by the evolution process. It is assumed the classifier always return a vector with the confidences for each class. The
objective is t maximize the class target confidence value.

max
e(x)∗

fadv(x + e(x))

subject to ∥e(x)∥0 ≤ d,
(2)

The flowchart describing how the one-pixel attack works is shown in Fig. 4. The attack requires a method to encode
each attacked pixel in a linear fashion. For each pixel, we must specify the x and y coordinates and the intensity value.
Consequently, for grayscale images, it is necessary to optimize three values per pixel, whereas for RGB images, it is
necessary to optimize five values per pixel.

Figure 4: One pixel attack flowchart
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3 Results

3.1 Testing additive Gaussian noise

We trained the EfficientNet model with 60,000 noisy images during 100 epochs with a batch size of 128. We then test the
model on 480 random noisy images (60 per class) to validate it. Then we obtain the results shown in Tab. 2.

Table 2: EfficientNet retrained with noisy images with µ=0.6 and σ=0.06

Different levels of noise

Mean µ Standard deviation σ Accuracy

0.2 0.06 0.795
0.2 0.12 0.691
0.2 0.18 0.370
0.2 0.24 0.150
0.4 0.06 0.968
0.4 0.12 0.870
0.4 0.18 0.800
0.4 0.24 0.325
0.6 0.06 0.985
0.6 0.12 0.547
0.6 0.18 0.337
0.6 0.24 0.314

The results indicate that the model learns about the noise very well but with less noise, with mean value less than 0.6,
the model did not keep the accuracy.

3.2 Retraining classification model with Gaussian filter

This method consists of training the EfficientNet model with the same dataset of 60,000 noisy images, but using the
Gaussian filter to denoise the image. In this case, we retrained that model to learn how to correctly classify images with
that filter applied over noisy images. We obtained the results shown in Table 3, we can see that obtained accuracy is 1.0.

Table 3: Efficientnet using Gaussian filter to denoise summary results

Different levels of noise

Mean µ Standard deviation σ Accuracy

0.2 0.06 1.000
0.2 0.12 1.000
0.2 0.18 1.000
0.2 0.24 0.950
0.6 0.06 1.000
0.6 0.12 0.981
0.6 0.18 0.502
0.6 0.24 0.268
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3.3 Pink noise

We tested with another kind of noise named pink noise. This noise is one of the noises called colored noise. This kind of
noise basically takes a random noise, applies the Fourier transform to change over the frequency domain, and applies a
filter using Equation (3). Where f is the frequency. Different color noise changes the exponent, sometimes named alpha
or beta in the literature, but in this case we try with pink noise, and this value is fixed in 1. After we calculate Equation
(3) multiply with the noise values to generate the filtered. Finally, it is necessary to apply the inverse Fourier transform
to obtain the noise that will be added over the input signal.

S( f ) ∝
1
f α

, (3)

in Equation (3), S is the power spectral density. If it is considered a 2D signal, ’t’ becomes to the x and y coordinates.
Then, when the fast Fourier transform is applied, it will work with the magnitude of the frequency.

Algorithm 1 Pink Noise

Require: A is a matrix of n× n size with random values and a uniform distribution.
Ensure: Pink noise on pixel values context, in range [0, 1]

1: F← fftshift(fft2(A)) ▷ Apply fast Fourier transform 2D and move the zero frequency to the center
2: for each pixel (i, j) with the same size n× n do
3: f ←

√︂
u2

i + v2
j ▷ Calculate the frequency

4: G(i, j)← 1
max( f ,1) ▷ Calculate the filter

5: end for
6: Ffiltered ← F⊙ G ▷ Multiply the values of the filter with the original signal to obtain the filtered signal on the

frequency domain.
7: Iimaginary ← ifft2(ifftshift(Ffiltered))
8: Ireal ← Real(Iimaginary) ▷ Only uses the real component

9: Ipink ← Ireal−min(Ireal)
max(Ireal)−min(Ireal)

▷ Apply a normalization a [0, 1]
10: return Ipink

This implementation was based on GitHub https://github.com/felixpatzelt/colorednoise and fallow the instructions
written by Paul Bourke on his blog https://paulbourke.net/fractals/noise/ to adapt in two dimensions the pink noise.
The implementation in Algorithm 1, uses the numpy library and its functions FFT2 and IFFT to calculate the fast Fourier
transform and its inverse. It is visible in Algorithm 1, that the pink noise is a filter applied over the random noise in the
frequency domain. Then pink noise is added over the images to obtain images as shown in Figure 5.

Figure 5: Sample Pink Noise

For using similar parameters, we test with 5 different attenuation levels of noise, [0.2, 0.4, 0.6, 0.8, 1.0]. Where each
number of attenuation in Table 4 represents the percentage of intensity for each pixel that will be added. For example, if
the pixel intensity of the pink noise is 0.4 and the attenuation factor 0.4, then we only added 0.16 as intensity over the
original image.
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Table 4: Results using pink noise, tested over EfficientNet retrained and preprocessed with Gaussian filter.

Different levels of noise

Attenuation Accuracy

0.2 1.0
0.4 1.0
0.6 0.9
0.8 0.5
1.0 0.2

If you consider the Gaussian noise generated values near the mean, then it is equivalent to attenuate the signal.
Extrapolating this concept to pink noise we consider test with the same mean as attenuate noise. With this method is
possible to see a consistent behavior between the Gaussian noise and the pink noise where using the same attenuation of
0.6 as it is shown on Table 4, we obtain better with the same attenuation values employing our model retrained with
the Gaussian noise and Gaussian filter as a preprocessing. It is interesting to observe that, despite not being trained
specifically on pink noise at the same noise levels, the model exhibited a similar behavior when using this re-training
and pre-processing approach with a Gaussian filter.

(a) I with ATT=0.2. (b) Oval with ATT=0.2. (c) Star with ATT=0.4. (d) Oval with ATT=0.4.

(e) Oval with ATT=0.6. (f) Triangle with ATT=0.6. (g) Line with ATT=0.8. (h) Line with ATT=0.8.

(i) Rectangle with ATT=0.8. (j) Triangle with ATT=0.4. (k) Line with ATT=1.0. (l) Oval with ATT=1.0.

Figure 6: Example of shapes with pink noise with different attenuation levels.

In Figure 6 is shown how the pink noise in two dimensions generate noise similar to clouds. In high levels the
distortion is worst than the Gaussian noise because the pink noise generate biggest regions with similar values. This
similar regions deform the original figure.
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3.4 Testing one pixel attack

We tested with different population sizes: the initial population size was 15 (the default for the differential evolution
heuristic in the SciPy library). Subsequently, we increased the population size to 100, and finally to 1000. We performed
these increments to investigate whether the number of function evaluations was a bottleneck affecting the trade-off
between solution quality and execution time. All tests were conducted on a server with 20 cores. We run the test on a
server with 20 cores and 20 threads, then we did these evaluations using all the power with 40 threads.

Figure 7: On the right is the noisy image solution of 30 Pixel Attack and on left pentagon shape with Gaussian filter .

Figure 8: On the right is the noisy image solution of 40 Pixel Attack, and on the left is the pentagon shape with a Gaussian filter .

We found the solution using 100 population size, and for the 40-pixel attack, it took around 8 hours using one thread,
evaluating entirely on the CPU, and 2 hours using 20 threads to find the solution for the 30-pixel attack with the same
evaluation on the CPU.

Both solutions shown in Figures 7 and 8 change the original class from pentagon to cross. After we see that the
solution change the original class to another one. We test the use of the Gaussian filter to clean the image, we obtain two
results of the noise attack shown in Figures 7 and 8, and the filtered images are shown on the right of both Figures. The
shapes are classified correctly after the application of the Gaussian filter. In this case, using the Gaussian filter on the
input image, we can obtain the original class pentagon.

We repeated this experiment with different attack sizes using the same population size (400) as reported in the
original article [2]. The results are shown in Table 5. For the single-pixel attack, we obtained an attack success rate of
0.54. After applying Gaussian filtering, this rate was reduced to 0.45. However, with a 20-pixel attack, Gaussian filtering
proved ineffective at reducing the attack success rate. We attribute this behavior to the fact that 20 attacked pixels may
exceed the filter’s ability to recover the original signal.

3.5 One-pixel attack solved using simulated annealing

During testing of this attack, we evaluated different optimization algorithms as alternatives to differential evolution.
We found that simulated annealing seek solutions faster than differential evolution. We got better performance using
simulated annealing, from minutes per image to seconds per image. In the worst case, the maximum execution time was
only 94 minutes.

The Figure 9 shows examples of adversarial images generated using differential evolution and simulated annealing.
Both examples were attacked with 20 pixels. Given this significant performance difference, we expanded the test to 40
images with varying numbers of pixels and two different input sizes. The results are presented in Table 6.
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Table 5: Results using one pixel attack with different number of pixels.

One pixel attack

Num of Pixels pop Size Time Per Image Success Success
after Gaussian

filter

1 400 97 minutes 0.54 0.45
3 400 18 minutes 0.26 0.19
5 400 48 minutes 0.41 0.33

10 400 98 minutes 0.71 0.58
20 400 512 minutes 1.0 1.0

Figure 9: Examples of attacked images. On the left, the original implementation using differential evolution as an optimizer. On the
right side are examples using simulated annealing as an optimizer.

Table 6: Results using one pixel attack with different number of pixels.

One pixel attack using simulated annealing as an optimizer.

64 × 64 rescaled to 16× 16 32 × 32 rescaled to 16× 16

No.pixeles Time Attack Success Gaussian filter Time Attack Success Gaussian filter
20 94.04 0.70 1.0 84.74 0.84 0.82
10 46.19 0.63 0.97 41.63 0.76 0.86
5 22.95 0.43 0.98 20.64 0.67 0.85
1 4.52 0.08 1.0 4.09 0.21 0.83

4 Discussion

Perhaps our implementation needs to use a GPU to accelerate the evaluations, but the computational cost to search each
solution is too high in comparison to solving using only a Gaussian filter to denoise the input images. In the case of one
pixel attack noise, it is important to say that lot of details are loss when the original images are resized. The resizing
algorithm is the nearest pixel value. We did not find any solution using a one pixel attack with images with the original
size of 64×64 pixels.

Table 7 presents a comparison of our work with the original and the most recent work. Three key differences are that
we test with a different input size, we use a dataset of well-formed shapes, and we employ a modern, well-established
CNN architecture, EfficientNet.
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Table 7: Comparison with related works

One pixel attack

Work Search method Denoise Method Better success rate Better denoise rate Image Size

Our work

Gaussian noise
and one pixel attack

(DE, SA) Gaussian filter 0.54 0.86

32×32
and

64×64
[3]Most recent GA,Random and DE - 0.42 - 32×32

[2] First DE - 0.56 - 32×32

5 Conclusion

In conclusion, after we saw three methods to add noise in the images, the additive Gaussian noise, additive pink noise,
and the one pixel attack, we found that the best way to denoise images is using simple filters like the Gaussian filter to
enhance the classification model. One pixel attack is very effective, attacking architectures where the input size is too
small, around 24×24 pixels, where the search field is small, but if the input size is too big it is necessary to resize the
images to reduce the complexity of the search problem.

The Gaussian filter is a powerful and simple tool for denoising images when used as a preprocessing step with
convolutional neural networks.

We observed that the usual attacks always use models with a reduced input image size. In this experiment, we test
whether the problem is in the convolutional neural networks or in the images. That is why we tested a convolutional
neural network that was trained with simple shapes in a reduced input size. Although the papers always test their
attacks with original models with limited input sizes and resized inputs, we think the resize operation on the image
produces information loss that helps enhance the attack. The problem is not the weakness of the convolutional neural
networks; the problem is the use of reduced input size models trying to classify upscaled images. If the attack is added,
it is probable that the model misclassifies. That was shown in the experiments, because we did not find any solution if
we did not use a resized input image. The original implementations of the attacks used resized images and models with
small input size images. In the same way, the problem increases where the search space is larger and the shapes are
closer to the original size; the time to find a solution increases.

It is interesting that a simple Gaussian filter can be used as a preprocessing step to enhance accuracy. This suggests
exploring the application of this filter to other types of noise. Additionally, it would be valuable to test these black-box
attacks on more widely used CNN architectures, such as YOLO, and to investigate whether real-time black-box attacks
are feasible.

For denoising images, trying alternative image preprocessing methods while keeping the processing lightweight for
other kinds of noise would be valuable, because the methods explored in the references use complex methods to clean
images.
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Abstract

This paper experimentally investigates the integration of a commercial Self-Directed Channel (SDC)
memristor into a Hartley oscillator. While most existing literature relies on theoretical models or emulators,
this work utilizes a physical W-type (tungsten-based) memristor to analyze its direct impact on the
oscillator’s periodic steady-state response. The experimental setup, implemented with a TL081CD operational
amplifier and an Analog Discovery Studio platform, demonstrates that the memristor acts as a dynamic
feedback element. Comparative results show that including the memristive device increases the peak-to-
peak amplitude by 34% (from 2.724 V to 3.65 V) and shifts the frequency down from 14.530 kHz to
14.213 kHz. Furthermore, the memristor-based oscillator showed an additional startup interval of about
2 s, with an estimated relative variation of ±27% across repeated experiments. This behavior suggests a
modified oscillator transient response, potentially linked to the SDC device’s history-dependent electrical
characteristics. The results indicate that the memristor-augmented Hartley oscillator maintains a stable
sinusoidal waveform, suggesting that the device’s state-dependent resistance can effectively modulate the
system’s gain and resonance conditions in analog circuit architectures.

Keywords— memristor, Hartley oscillator, frequency, amplitude

1 Introduction

Electronic oscillators are fundamental building blocks in modern engineering, generating periodic
signals without external excitation. These circuits are widely used in communication systems,
instrumentation, and signal processing, and serve as timing references in electronics. Among these
topologies, LC-resonant oscillators are particularly important for producing stable, high-frequency
waveforms.

A prominent member of this family is the Hartley oscillator, which uses a resonant tank circuit
with a capacitor in parallel with a tapped inductor to set its oscillation frequency. The inductive
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element is typically implemented as two series-connected coils or a single coil with a tap, providing
the feedback needed to sustain oscillations. This configuration satisfies the Barkhausen criterion: the
total phase shift around the loop is zero, and the loop gain is greater than or equal to unity.

A key advantage of the Hartley topology is its simplicity: it requires fewer components than
other LC oscillators while still providing stable sinusoidal outputs over a wide frequency range. Its
inductive feedback also makes it suitable for high-frequency and radio-frequency signal-generation
and communication applications.

The memristor has emerged as the fourth fundamental passive element, complementing the
resistor, capacitor, and inductor [1]. Chua predicted that, apart from resistors, capacitors, and
inductors, a fourth fundamental passive circuit element should exist: the memristor, defined by the
constitutive relationship between electric charge and magnetic flux [2]. It has a nonlinear voltage-
current relationship and state-dependent resistance (memristance), offering unique properties for
neuromorphic computing, non-volatile memory, and adaptive electronic systems [3, 4].

In 2008, researchers at Hewlett-Packard Labs announced one of the first physical solid-state
memristors. Since then, interest in exploiting this emerging circuit element has grown, especially in
analog circuitry and non-volatile memory applications [2].

In 2015, the American company Knowm Inc. designed and produced the world’s first Knowm
memristor packaged as a chip. Unlike the oxygen-vacancy migration technology used in HP
memristors, Knowm memristors use metal-ion migration for electrical switching [4]. Knowm
memristors provide researchers with a commercially available, effective device for related application
studies [5].

While recent studies have explored integrating memristors into oscillator circuits to modulate
their dynamics, much of this research remains grounded in theoretical models or emulators [6, 7,
8, 9, 10]. Experimental implementations of physical, discrete memristive devices remain relatively
scarce. Unlike idealized models, physical memristors exhibit non-ideal dynamics that depend on
excitation frequency, polarity, and prior stimulus history, which may critically influence the operation
of resonant oscillators [4, 11].

This work investigates a Hartley oscillator incorporating a commercial memristor (Knowm Inc.)
in its feedback network. The study moves from circuit simulations to experimental validation,
examining the memristor’s impact on critical parameters, including oscillation frequency, amplitude
stability, and waveform symmetry.

2 Hartley Oscillator

Figure 1 shows the Hartley oscillator. It is a widely used LC oscillator topology that generates peri-
odic signals through a resonant network of inductors and capacitors, combined with an amplifying
stage that provides the feedback needed to sustain oscillations. Ralph V. L. Hartley originally pro-
posed the circuit in the early twentieth century, and it has since been widely used in radio-frequency
systems for its relatively simple configuration and ease of frequency tuning.

The equivalent inductance of the inductive network and the resonant-tank capacitance determine
the Hartley oscillator’s oscillation frequency. Under ideal conditions, the oscillation frequency can
be approximated by:
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Figure 1: Hartley oscillator circuit.

f =
1

2π
√︁

C(L1 + L2)
(1)

where L1 and L2 are the inductances of the series inductors, and C is the resonant capacitor’s
capacitance. By adjusting either the inductance or the capacitance, it is possible to tune the circuit’s
oscillation frequency.

One of the Hartley oscillator’s main advantages is its simple design and frequency tunabil-
ity. However, practical implementations may deviate from the ideal sinusoidal waveform due to
component tolerances, nonlinearities in the active device, and parasitic effects in the circuit.

From a system-level perspective, incorporating a memristive device into the Hartley oscillator
introduces a dynamic, state-dependent element into the feedback network. In the conventional
topology, a fixed relationship between the inductive feedback ratio and the amplifier gain governs
the oscillation condition, ensuring the Barkhausen criteria are satisfied under steady-state conditions.
However, replacing or augmenting part of the feedback path with a memristor makes the effective
resistance time-varying and history-dependent.

This modification directly affects the loop gain and the impedance seen by the resonant tank,
allowing the memristor to modulate oscillation conditions in real time. As a result, key parameters
such as amplitude stabilization, startup dynamics, and even the steady-state frequency may deviate
from predictions of classical linear models. Unlike conventional resistive elements, the memristor
exhibits nonlinear, adaptive behavior that can produce transient phenomena tied to internal-state
evolution, such as delayed stabilization or gradual amplitude adjustment.

Therefore, integrating a physical memristor into the Hartley oscillator not only alters its electrical
characteristics but also provides a platform for experimentally observing how state-dependent
devices influence resonant systems beyond idealized assumptions.
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3 Knowm W-type Memristor

The memristive device integrated into the Hartley oscillator is a commercial Self-Directed Channel
(SDC) memristor from Knowm, Inc. The implementation uses a W-type (tungsten-based) memristor,
whose hysteretic behavior is experimentally characterized using the Analog Discovery 2 Kit, as
shown in Fig. 2. This hysteresis loop, observed in the current–voltage (I–V) relationship, is a defining
feature of memristive systems and reflects the device’s state-dependent resistance.

Unlike transition-metal oxide memristors that rely primarily on oxygen vacancy migration, the
SDC memristor operates through the controlled movement of metal ions, typically silver (Ag+),
within a chalcogenide layer. This process forms and dissolves conductive filaments, dynamically
modulating device resistance. As a result, the memristor exhibits a nonlinear, history-dependent
response, making it particularly suitable for applications involving adaptive or time-varying behavior.

Figure 2: I–V characteristic of the Knowm memristor.

For this study, we estimated the memristor’s effective resistance from the quasi-linear region
of the measured I–V characteristic curve (Fig. 2) using Ohm’s law, R = V/I. This characterization
establishes an initial low-resistance state (Rinitial) of approximately 4 kΩ. This approximation
provides a practical representation of the device within the operating region of interest, enabling its
integration into the oscillator circuit analysis while preserving its dominant electrical behavior.

To ensure experimental consistency and mitigate the stochastic nature of filament formation, we
applied a controlled state-reset protocol before measurements. The device recovers using a 10 Hz
sinusoidal signal with an amplitude of 1 V. Additionally, a −2 V is applied for 2 s, driving Ag+ ions
toward the anode and dissolving previously formed conductive filaments to restore the device to a
reproducible baseline state.

This initialization process is critical to the Hartley oscillator’s reliability, as it ensures the memristor
starts from a well-defined resistance state before the dynamic feedback loop begins to influence
its conductance. Because the oscillator’s behavior is highly sensitive to variations in loop gain and
impedance, uncertainty in the initial memristive state could significantly degrade frequency stability
and amplitude response. This controlled initialization enables a more accurate evaluation of the
memristor’s impact on the oscillation dynamics.
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To further assess the operational stability of the memristor-based oscillator, we evaluated continu-
ous operation for up to 2 h. During these intervals, the oscillator maintained sustained oscillations
without noticeable deviations in output behavior or operational failures and required no additional
memristor resetting or retuning. We performed the reset and characterization procedures between
experimental trials to establish comparable initial conditions, rather than in response to a loss of sta-
bility during operation. These observations suggest that, under the tested conditions, the commercial
SDC memristor can remain functional within the oscillator for extended operating intervals without
frequent readjustment. Nevertheless, the experiments do not establish their long-term stability
beyond the evaluated duration.

3.1 Memristor Operating Window

(a) Nonlinear regime (b) Saturated regime

(c) Quasi-linear regime

Figure 3: Initial experimental I–V characterization of the commercial Knowm W-type SDC memristor under
sinusoidal excitation at different frequencies: (a) 10 kHz, exhibiting a nonlinear operating region; (b) 1 MHz,
showing a saturated O-shaped response; and (c) 10 Hz, presenting a quasi-linear regime in which the device
behaves predominantly as a resistance.

Before using it as a circuit element, we evaluated the Knowm W-type memristor under various
excitation conditions to identify its practical operating window. This step is important because the
device response depends not only on its intrinsic memristive properties but also on the applied
voltage amplitude, excitation frequency, offset voltage, and initial resistive state. Therefore, a
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memristor inserted into an oscillator should not be assumed to operate in a useful nonlinear regime
without prior characterization.

Figure 3 shows representative I-V responses obtained during the initial characterization. Under
suitable excitation conditions, the device exhibits a nonlinear hysteretic response, indicating active,
observable memristive dynamics. However, outside this operating region, two limiting cases may
appear. At low excitation levels, the hysteresis loop can collapse to a quasi-linear characteristic,
causing the device to behave primarily as an equivalent resistor. In contrast, under other excitation
conditions, the response can evolve into a closed O-shaped curve, associated with a saturated
or strongly limited regime. In both cases, the dynamic memristive contribution becomes less
distinguishable, which can lead to incorrect interpretations when the device is later integrated into
an oscillator.

For this reason, we used the initial I-V characterization to select operating conditions where the
memristor maintained a measurable nonlinear response before replacing individual resistors in the
oscillator.

3.2 Mathematical Description of the Memristive Device

The Mean Metastable Switch (M-MSS) model developed by Knowm [12, 13] describes memristive
behavior by representing resistance modulation through voltage-dependent transitions between
metastable states. The model introduces an internal state variable x, ranging from 0 to 1, whose
temporal evolution is expressed as

dx
dt

= (1 − x)POFF→ON − xPON→OFF, (2)

where the transition rates are defined as

POFF→ON =
1
τ

1

1 + exp
[︂
−V−VON

VT

]︂ , (3)

PON→OFF =
1
τ

1

1 + exp
[︂

V+VOFF
VT

]︂ . (4)

Here, V is the applied voltage, τ is the characteristic time constant, VON and VOFF are switching
parameters, and VT is the thermal voltage.

The state-dependent conductance is given by

G(x) =
x

RON
+

1 − x
ROFF

, (5)

where RON and ROFF represent the limiting resistance states. Accordingly, the memristive current
can be expressed as

IM(V, x) = VG(x). (6)

The M-MSS formulation also permits an additional nonlinear Schottky contribution to the total
current. In this work, we introduce these relationships as a phenomenological description of
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memristive behavior rather than a quantitatively calibrated representation of the specific Knowm
W-type SDC device. We obtain the results presented here through direct experimental measurements
on the physical memristor, without relying on numerical predictions from the mathematical model.

4 Experimental Implementation

This study used a discrete Knowm M+SDC device (W-type, tungsten-based) packaged in a 16-DIP
configuration as the memristive element. Before integrating it into the oscillator, we characterized the
device to verify its I–V hysteresis behavior and establish a reproducible initial low-resistance state
(LRS), as described in the previous section. This preconditioning step is essential because filament
formation in SDC memristors is stochastic.

For the memristor-augmented configuration, we inserted the device into the feedback path
with a defined polarity, as shown in Fig. 4. This placement ensures that the oscillating voltage
directly influences the internal ionic dynamics, allowing the memristance to evolve in response to
circuit operation. Consequently, the memristor acts as a dynamic element within the feedback loop,
modifying the effective gain and impedance during oscillation.

The Digilent Analog Discovery Studio powered and monitored the circuit, providing a stable,
symmetrical ±12 V supply to the active elements. The platform’s integrated digital oscilloscope and
waveform generator enabled real-time data acquisition and signal analysis, allowing precise charac-
terization of the output waveforms in both the standard and memristor-augmented configurations.

To reduce instrumental errors and improve measurement accuracy, the Analog Discovery 2 was
calibrated using WaveForms software and an external digital multimeter. The calibration procedure
covered the waveform generators, acquisition channels, and power supplies. The resulting calibration
parameters were stored by the device and applied to correct generated and acquired signals. This
procedure helps mitigate systematic measurement errors.

To ensure a fair comparison, we evaluated three configurations: the conventional Hartley oscillator
and two memristor-based configurations that differed only in the polarity of the physical device.
All other circuit components and connections remained unchanged, allowing us to examine how
memristor orientation affects the oscillatory response experimentally.

For the Hartley oscillator, we evaluated two memristor-based configurations to analyze how
device placement affects the output response. Figure 4 shows the corresponding circuits. In the first
configuration, the oscillator maintained a frequency close to the standard circuit, changing from
14.530 kHz to 14.213 kHz.

In the second memristor-based configuration, the oscillator response changed more strongly. The
output frequency increased to 18.11 kHz, while the maximum and minimum voltages reached 4.32
V and -4.315 V, respectively, resulting in a peak-to-peak voltage of 8.635 V.

Both circuits employ identical components and connection points, with the memristor occupying
the same position within the oscillator. The only difference between the configurations is the device’s
orientation: in Case 1, the memristor is connected to its original polarity, whereas in Case 2, its
polarity is reversed. This arrangement lets us evaluate the memristor orientation’s influence on the
oscillator response without changing the circuit topology or component values.

The oscillator’s active core consists of a TL081CD operational amplifier. We selected this JFET-
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(a) Memristor case 1

+

-

R2

R1

R3

C1L1 L2

M1

4.7kΩ

1kΩ

100n

100Ω

470µ470µ

OUT

(b) Memristor case 2

Figure 4: Hartley oscillator circuits incorporating the memristor under two different configurations used in
this work.

input device for its high input impedance and 13 V/µs slew rate, which prevent significant phase
distortion or amplitude clipping at the target operating frequency of 14 kHz. As seen in Fig. 1,
the resonant network was constructed using nominal values for all components, featuring two
470 µH inductors (L1, L2) and a 100 nF ceramic capacitor (C1); the feedback and bias network was
completed with a 1kΩ resistor (R1), a 4.7kΩ resistor (R2), and a 100Ω shunt resistor (R3), the latter
serving to stabilize the current path through the feedback loop. We conducted all measurements
under steady environmental conditions and performed multiple trials to verify repeatability. We
recorded and analyzed the output waveforms for frequency, amplitude, duty cycle, and transient
response, enabling a comprehensive comparison between the conventional and memristive oscillator
configurations.

5 Results and Discussion

The experimental evaluation of the Hartley oscillator revealed that integrating the W-type Knowm
memristor produces configuration-dependent changes in the output response. As summarized in
Table 1, we compared two memristor-based configurations with the standard LC oscillator to assess
how device placement affects oscillation frequency, voltage swing, and temporal symmetry.

Repeatability was evaluated across eight experimental trials for each memristor configuration. The
frequency coefficient of variation (CV) decreased from 1.67% in Case 1 to 1.26% in Case 2, indicating
lower relative variability in frequency for the latter configuration. For the voltage measurements, the
CVs of Vmax, Vmin, and VPP were 6.52%, 8.27%, and 6.395% for Case 1, respectively, compared with
7.62%, 10.95%, and 9.257% for Case 2. These results indicate that, although Case 2 exhibited lower
relative variability in frequency, its voltage-related measurements showed greater relative dispersion
than those of Case 1. The results therefore reveal parameter-dependent repeatability across the two
configurations.

In the first memristor configuration, the output amplitude changed most significantly. The

30



L.M. Jimenez-Lopez

standard Hartley oscillator produced a peak-to-peak voltage of 2.724 V, whereas Memristor Case 1
increased this value to 3.65 V. This represents an approximately 34% increase in the voltage swing.
Similarly, the amplitude increased from 1.36 V to 1.825 V. This behavior suggests that, in this
configuration, the memristor modifies the oscillator’s effective feedback conditions, increasing the
output signal’s steady-state energy level without forcing the waveform into supply-rail saturation.

Table 1: Performance comparison between the standard oscillator and two memristor-based oscillator cases.

Parameter Standard Oscillator Memristor Case 1 Memristor Case 2
Frequency 14.530 kHz 14.213 kHz 18.11 kHz
Amplitude 1.36 V 1.825 V 4.318 V
V Max 1.415 V 1.8 V 4.32 V
V Min -1.31 V -1.85 V -4.315 V
Vpp 2.724 V 3.65 V 8.635 V
PosDuty 50.04% 50.05% 51.33%
NegDuty 49.97% 49.95% 48.67%
PosWidth 34.435 µs 35.214 µs 29.015 µs
NegWidth 34.386 µs 35.146 µs 27.509 µs

Based on the nominal values of the resonant components (L1 = L2 = 470 µH and C1 = 100
nF), the conventional Hartley oscillator’s theoretical oscillation frequency is approximately 16.42
kHz, assuming negligible mutual inductance between the inductors. The experimentally measured
frequency was 14.530 kHz, representing a deviation of approximately −11.5% from the theoretical
prediction. This discrepancy may result from non-ideal circuit characteristics, including component
tolerances, parasitic impedances, and the operational amplifier’s frequency-dependent response.
These factors should be considered when comparing the ideal resonant frequency with the physical
oscillator’s measured behavior.

Memristor Case 1 showed a slight frequency reduction from 14.530 kHz to 14.213 kHz (2.18%),
indicating that the Hartley oscillator’s resonant behavior was largely preserved. This variation may
reflect the SDC device’s non-ideal electrical characteristics and its interaction with the feedback
network. Waveform symmetry remained practically unchanged, with positive and negative duty
cycles of 50.05% and 49.95%, respectively.

In contrast, Memristor Case 2 increased the oscillation frequency to 18.11 kHz (24.6% above
the standard configuration) and the peak-to-peak voltage to 8.635 V, approximately 3.17 times the
reference value. The corresponding amplitude reached 4.318 V. The waveform also showed moderate
asymmetry, with positive and negative duty cycles of 51.33% and 48.67%, and pulse widths of
29.015 µs and 27.509 µs, respectively.

The two memristor-based configurations differ only in the device’s polarity, while its position
within the Hartley oscillator remains unchanged. Reversing the memristor polarity increased the
frequency from 14.213 kHz to 18.110 kHz (approximately 27.4%) and the amplitude from 1.825
V to 4.318 V (approximately 136.6%). This polarity-dependent response is consistent with the
asymmetric conductance-switching behavior of Knowm SDC memristors, where the applied voltage
direction influences the evolution of the internal conductive state. Under alternating excitation,
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(a) Standard Hartley oscillator
waveform.

(b) Hartley oscillator including
memristor (Case 1).

(c) Hartley oscillator including
memristor (Case 2).

Figure 5: Experimental waveform comparison between the standard Hartley oscillator and two configurations
incorporating the physical memristor, obtained using the Digilent Analog Discovery measurement system.

reversing the device orientation changes the relationship between the oscillator voltage and the
memristor’s conductance evolution, potentially modifying the circuit’s effective impedance and
feedback conditions.

These results show that the memristor does not behave as a simple passive replacement for a
fixed resistor. Instead, its effect depends strongly on its position within the oscillator structure and
on its interaction with the resonant and feedback paths. In Memristor Case 1, the device mainly
increased the output amplitude while preserving the frequency and duty-cycle symmetry. In contrast,
Memristor Case 2 produced a higher-frequency, higher-amplitude response but also introduced
slight waveform asymmetry. Therefore, the Hartley oscillator confirms that integrating physical
memristive devices can enable adaptive tuning. However, the resulting behavior must be interpreted
in light of the specific circuit configuration and the memristor’s operating region.

The memristor-based Hartley oscillator consistently showed an additional startup interval of
approximately 2 s before reaching a stable oscillatory regime. We evaluated this behavior using two
complementary methods: direct observation of the output waveform and subsequent analysis of the
recorded numerical data. Across repeated experiments, the observed delay varied by approximately
±27% around the nominal 2 s value, corresponding to an estimated range of 1.46–2.54 s. Before
each experiment, we reset and characterized the memristor to establish comparable initial operating
conditions. This delay provides experimental evidence of the memristor’s state evolution; the initial
cycles of the oscillating voltage must provide sufficient charge flow to "train" or stabilize the silver
filaments within the SDC layer. Once the memristance reaches its operational equilibrium, the
waveform stabilizes into a remarkably pure sine wave, as shown in the oscilloscope captures given
in Fig. 5. The absence of significant harmonic distortion, despite the increased amplitude, further
confirms that the tungsten-based (W-type) memristor provides stable, reliable nonlinear regulation,
making it a viable component for adaptive signal generation in LC topologies.

As an additional control, we replaced the physical memristor with a fixed resistor matching
its initial resistance (4 kΩ), while keeping the remaining circuit components unchanged. Under
these conditions, the Hartley oscillator operated at 15.737 kHz with a peak-to-peak voltage of 2.950
V. In comparison, the memristor-based configurations operated at 14.213 kHz and 18.110 kHz,
with peak-to-peak voltages of 3.650 V and 8.635 V, respectively. These differences indicate that the
initial resistance value alone is insufficient to reproduce the memristor-based oscillator’s measured
response.
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During operation within the Hartley oscillator, the memristor exhibited a dynamic response near
the boundary between the nonlinear and saturated regimes. The measured I–V trajectories showed
variations between these two behaviors rather than remaining confined to a single stationary regime.
This observation indicates that the operating conditions imposed by the oscillator do not necessarily
correspond to a fixed memristive state.

(a) Case 1 (b) Case 2

Figure 6: I-V plot of the memristor during oscillator operation

6 Conclusions

We evaluated two memristor-based configurations that differ only in the device’s polarity within the
circuit. The results show that the memristor’s physical orientation directly influences the oscillator
dynamics, affecting not only the output amplitude but also the oscillation frequency and waveform
symmetry.

In Memristor Case 1, the circuit preserved a frequency close to that of the standard Hartley
oscillator. The frequency changed from 14.530 kHz to 14.213 kHz, a reduction of about 2.18%.
However, the peak-to-peak voltage increased from 2.724 V to 3.65 V, representing an amplitude
enhancement of approximately 34%. This indicates that, under this polarity, the memristor mainly
modifies the effective feedback conditions and increases the steady-state voltage swing without
significantly disturbing the waveform’s temporal symmetry.

In contrast, Memristor Case 2 produced a stronger modification of the oscillator response.
Reversing the memristor polarity increased the oscillation frequency to 18.11 kHz. It raised the
peak-to-peak voltage to 8.635 V, corresponding to a frequency increase of approximately 24.6% and a
voltage swing more than three times larger than that of the standard oscillator. In addition, the duty
cycle changed from an almost symmetric condition to 51.33% positive duty and 48.67% negative duty,
indicating that the reversed polarity introduces a moderate asymmetry in the oscillatory response.

A relevant observation was a startup transient before the system reached a stable oscillatory
regime. This behavior suggests that the SDC memristor’s internal state evolves during the first
excitation cycles before reaching an operational equilibrium. Once it stabilizes, the oscillator can
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maintain a stable sinusoidal output, showing that a physical memristive device can integrate into
an LC oscillator while preserving sustained oscillation, provided it operates within an appropriate
electrical regime.

Overall, these findings show that commercial memristors can serve as polarity- and state-
dependent elements for tuning analog oscillator circuits. The comparison between the two memristor
orientations confirms that the device does not behave as a simple fixed-resistance replacement;
instead, its nonlinear, directional response interacts with the oscillator’s feedback and resonant paths.
Therefore, prior device characterization and careful consideration of memristor polarity are essential
for correctly interpreting and designing memristor-based oscillator systems.
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Abstract

This work investigates the convergence and stability of a decentralized synchronization architecture for networks of Permanent
Magnet Synchronous Generators (PMSGs) based on mean-field coupling within the Kuramoto framework. The proposed approach
replaces explicit pairwise phase interactions with a collective order parameter, enabling each generator to adjust its dynamics
relative to the network centroid. Local phase and frequency estimation is performed through a Synchronous Reference Frame
Phase-Locked Loop (SRF-dqPLL), while an adaptive-gain control law regulates the synchronization process. The convergence
properties are examined through analytical stability considerations and continuous-time simulations of a four-node PMSG
network implemented in Simulink. Under heterogeneous initial frequencies, the numerical results demonstrate convergence
toward a common operating frequency, followed by a progressive reduction of phase mismatch without sustained oscillations.
Furthermore, the mean-field formulation enables a reduction in the computational complexity of the coupling interactions from
O(N2) to O(N), supporting the scalability of the proposed architecture. These findings support the feasibility of the proposed
approach for decentralized micro-generation synchronization and provide a basis for future implementation in resource-constrained
embedded systems.

Keywords— Kuramoto model, mean-field coupling, Decentralized synchronization

1 Introduction

The synchronization of coupled oscillators has been extensively investigated through the Kuramoto model, which
provides a mathematical framework for understanding the emergence of collective behavior in interacting dynamical
systems. In particular, Benedetto et al. [1] studied complete phase synchronization in the mean-field limit, establishing
theoretical results on the collective evolution of oscillator populations under specific conditions. These developments
highlight the relevance of mean-field descriptions for analyzing synchronization phenomena and motivate their
application to finite networks of interacting dynamical units. However, extending these theoretical concepts to
electromechanical systems requires considering additional factors, including heterogeneous operating conditions,
state estimation, and control dynamics.

The increasing integration of distributed energy resources has motivated the development of decentralized control
architectures capable of coordinating multiple generation units while reducing their dependence on centralized
supervisory systems [2]. In micro-generation networks operating under islanded conditions, maintaining consistent
electrical frequency and phase relationships among individual generators is essential for coordinated operation
and eventual interconnection. This challenge becomes particularly relevant for Permanent Magnet Synchronous
Generators (PMSGs), whose operating frequencies may differ due to variations in mechanical input conditions.
Consequently, synchronization strategies must accommodate heterogeneous initial states while providing stable
transient responses and remaining suitable for implementation in resource-constrained embedded systems.

The theoretical foundations of oscillator synchronization have been extensively reviewed by Acebrón et al. [3],
while Rodrigues et al. [4] examined the Kuramoto model in complex networks, emphasizing the influence of
coupling structures on collective dynamics. In conventional pairwise formulations, the synchronization interaction
is determined by the phase differences between connected oscillators. For fully connected networks, the direct
evaluation of these interactions requires a computational effort that grows quadratically with the number of nodes.
Mean-field coupling provides an alternative representation by describing the collective state through a complex
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order parameter that characterizes network coherence. This formulation allows the synchronization interaction to be
evaluated relative to a common reference phase, avoiding the explicit calculation of every pairwise phase difference
and reducing the associated computational effort.

Beyond the coupling formulation, practical synchronization depends on the availability of reliable phase and
frequency estimates. Phase-Locked Loop (PLL) techniques are widely employed in renewable energy systems to
extract synchronization variables from electrical measurements. Ali et al. [5] reviewed three-phase PLL algorithms
and examined their performance under different operating conditions, highlighting the importance of estimation
accuracy and transient response. In this context, the Synchronous Reference Frame PLL (SRF-dqPLL) provides
a suitable mechanism for estimating local electrical states without requiring direct mechanical position measure-
ments. Combining such estimators with distributed synchronization algorithms offers a pathway toward sensorless
coordination of micro-generation units.

Recent work by Rincón-Silva et al. [6] explored a low-cost embedded architecture for PMSG micro-generator
synchronization based on the Kuramoto model, demonstrating the relevance of oscillator-based coordination
strategies for practical micro-generation applications. Building on this application context, the present study focuses
on the convergence and stability properties of a mean-field synchronization architecture incorporating local state
estimation and adaptive coupling. Particular attention is given to the relationship between frequency convergence,
phase cohesion, and transient behavior, as well as to the computational implications of replacing explicit pairwise
interactions with a collective order parameter.

Accordingly, this work presents a framework for decentralized synchronization in PMSG micro-generator
networks. The proposed architecture combines SRF-dqPLL state estimation, mean-field Kuramoto coupling, and
an adaptive-gain control law. Its convergence properties are examined through closed-loop stability analysis
and continuous-time simulations of a four-node digital twin under heterogeneous initial frequencies. The main
contribution is the integrated assessment of synchronization dynamics, phase-cohesive consensus, and computational
scalability within a common control framework. The remainder of the paper presents the mathematical formulation
and control methodology in Section 2, the numerical results in Section 3, their interpretation and comparison with
previous studies in Section 4, and the main conclusions in Section 5.

2 Methodology

2.1 Analytical Dynamics of the Network Nodes

The proposed micro-generation network consists of N interconnected nodes, each representing an individual
Permanent Magnet Synchronous Generator (PMSG) equipped with a local phase and frequency estimation unit and
an adaptive synchronization controller. In this study, a four-node configuration (N = 4) is considered, where each
generator operates under different initial frequency conditions. As illustrated in Fig.1, the SRF-dqPLL estimates the
electrical phase and frequency of each generator from local voltage measurements, while the estimated states are
exchanged through a shared communication medium. This information allows each node to independently compute
the mean-field reference and adjust its dynamics through the adaptive control law, without requiring a centralized
controller.

The proposed architecture employs a reduced-order analytical model for the electromechanical dynamics
of a PMSG. Assuming a uniform air gap and neglecting magnetic saturation, Faraday’s law dictates that the
induced voltages (va, vb, vc) at the stator terminals are equal to the time variation of the stator magnetic flux
linkage. Consequently, the induced voltage amplitude is directly proportional to the permanent-magnet flux linkage
amplitude λm and to the electrical angular velocity ωi(t) [5, 7]. The continuous-time voltage dynamics for phase a
are defined by Eq. (1):

va,i(t) = ωi(t)λm sin(θi(t)) (1)

where θi(t) =
∫︁ t

0 ωi(τ)dτ represents the instantaneous electrical angular position. To ensure dimensional
consistency in Eq. (1), where ωi(t) is expressed in rad/s and va,i(t) in V, a permanent-magnet flux linkage constant
of λm = 0.0876 Wb is established for the digital-twin parameterization, which proportionally determines the
amplitude of the generated voltages as a function of the angular velocity of each node.

Figure 2 presents the electromechanical and single-line representation of the i-th PMSG unit (Node i), defining
the physical and electrical framework of the multi-generator network. The mechanical subsystem represents the
rotor dynamics described by Eq.14, where the prime mover supplies the mechanical torque Tm(t), counteracted by
the electromagnetic torque Te(t) acting on a shaft characterized by inertia J, damping D, speed ωm(t), and position
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Figure 1: General architecture of the proposed four-node PMSG micro-generation network, illustrating local state estimation,
adaptive synchronization control, and information exchange for decentralized mean-field coupling.

θm(t). On the electrical side, the PMSG is represented by a three-phase single-line model, connected in series with the
stator resistance Rs and inductance Ls. The terminal voltages vabc,i(t), measured before the grid-connection switch,
are fed to the Local Controller & State Estimator. Within this block, the SRF-dqPLL and adaptive controller estimate
the electrical frequency ω̂i(t) and phase angle θ̂i(t).

Figure 2: Electromechanical circuit model of the i-th PMSG node connected to the grid, including the local controller and state
estimator.

2.2 State Estimation (SRF-dqPLL) in Continuous Time

To operate under a decentralized scheme without mechanical sensors, each node must estimate its instantaneous
frequency and phase exclusively from voltage measurements. Throughout this manuscript, the accent (ˆ) is employed
to denote state variables that are estimated or reconstructed by the control algorithm, thereby distinguishing them
from the actual physical states of the system.

For the network to operate under a decentralized scheme and, in practice, without mechanical sensors, each node
must estimate its instantaneous frequency and phase exclusively from voltage measurements. The implemented
algorithm is a Synchronous Reference Frame Phase-Locked Loop (SRF-dqPLL) [6]. The continuous three-phase
signals (va, vb, vc) are first projected onto a stationary orthogonal (αβ) frame through the Clarke transformation,
incorporating a scaling factor of 2/3 to guarantee amplitude invariance, and are subsequently projected onto a
rotating (dq) frame through the Park transformation [5], as expressed in Eq. (2):
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[︃
vd(t)
vq(t)

]︃
=

[︃
cos(θ̂i(t)) sin(θ̂i(t))
− sin(θ̂i(t)) cos(θ̂i(t))

]︃ [︃
vα(t)
vβ(t)

]︃
(2)

Figure 3: Cross-section of the Permanent Magnet Synchronous Machine (PMSG) illustrating the direct (d) and quadrature (q)
rotating reference frames [8].

As illustrated in the phasor diagram of Fig.3, the d (direct) and q (quadrature) axes constitute a rotating reference
frame synchronous with the estimated electrical position θ̂i(t). The objective of the control loop is to align the
system’s voltage vector strictly with the direct axis (d-axis). By doing so, the feedback loop forces the orthogonal
quadrature component, vq(t), to approach zero. For small angular deviations between the actual physical phase
and the estimated phase, the linearization vq(t) ≈ Vm(θi(t)− θ̂i(t)) is assumed, where Vm denotes the nominal peak
amplitude of the phase voltage. The estimated electrical frequency ω̂i(t) is obtained by processing the error vq(t)
through a continuous Proportional-Integral (PI) controller, as expressed in Eq. (3):

ω̂i(t) = ωnom + Kpvq(t) + Ki

∫︂ t

0
vq(τ) dτ (3)

where ωnom represents the nominal angular frequency of the network, and Kp and Ki are the proportional and
integral gains of the tracking loop, respectively. Finally, a virtual Voltage-Controlled Oscillator (VCO) integrates this
frequency to obtain the instantaneous estimated phase θ̂i(t), thereby closing the feedback loop.

The signal flow described above, from the projection of the measured three-phase voltages to phase estimation
through the PI controller and the VCO, is summarized in Fig. 4. This scheme illustrates the feedback of the estimated
phase θ̂i(t) to the Park transformation, which is essential to guarantee that the error vq(t) approaches zero.

Clarke Transform
abc → αβ

Park Transform
αβ → dq

PI Controller
Kp +

Ki
s

Integrator (VCO)
1
s

va, vb, vc vα, vβ vdvq

ωnom

+
ω̂i θ̂i

θ̂i

Figure 4: Block diagram of the Synchronous Reference Frame Phase-Locked Loop (SRF-dqPLL).

2.3 Mean-Field Coupling

In the classical Kuramoto model, the computational effort required to synchronize the network grows quadratically
because it depends on the sum of pairwise angular differences ∑ sin(θj − θi). To mitigate this algorithmic burden,
the model is reformulated using mean-field coupling [9].

The system summarizes the network state through a complex order parameter Z(t), given in Eq. (4), which
represents the centroid of a set of M active micro-generators [1], :

Z(t) = R(t)eiΨ(t) =
1
M

M

∑
j=1

eiθ̂j(t) (4)

The parameter R(t) denotes the network coherence (0 ≤ R ≤ 1), serving as a metric of convergence. The phase of
the network centroid, Ψ(t), is defined by Eq. (5):
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Ψ(t) = atan2

(︄
M

∑
j=1

sin(θ̂j(t)),
M

∑
j=1

cos(θ̂j(t))

)︄
(5)

In Eq. (5), although the atan2 function restricts the centroid phase Ψ(t) to the principal interval [−π, π] rad,
the locally estimated phases θ̂j(t) can grow continuously beyond these bounds as time progresses. Because these
local angles are evaluated through periodic sine and cosine functions, any phase value falling outside [−π, π]
is naturally mapped without loss of information. Furthermore, computing an unwrapped phase is unnecessary
because the subsequent synchronization control law also evaluates the phase difference through a sinusoidal function.
Owing to the 2π-periodicity of the sine operator, the periodic resets of Ψ(t) at the ±π boundaries do not introduce
discontinuities into the control signal, and operating directly with bounded phases prevents numerical overflow
during long-term operation.

Through this transformation, the individual control error eθ,i(t) of each node is decoupled from individual
pairwise interactions and is defined solely by its distance from the unified centroid given in Eq. (6):

eθ,i(t) = Ψ(t)− θ̂i(t) (6)

This topological abstraction is illustrated in Fig.5. Panel (a) represents the pairwise model, in which computing
the synchronization forces requires evaluating each individual link, resulting in quadratic growth O(N2). In contrast,
panel (b) demonstrates the efficiency of the mean-field architecture: by directing the attraction toward the global
parameter Ψ, the interaction becomes linear, O(N), eliminating bottlenecks and freeing computational resources for
continuous control of the micro-generators.

Figure 5: Algorithmic comparison: (a) pairwise interaction, O(N2), versus (b) the proposed mean-field coupling, O(N).

To clarify the operational efficiency and scalability of the proposed decentralized mean-field architecture, it is
necessary to distinguish between communication and computational complexities. To avoid relying on a centralized
master controller, the architecture assumes a shared local communication medium. Under this scheme, each active
node independently transmits its locally estimated phase θ̂i(t) exclusively once per synchronization cycle, yielding
a linear network-wide communication overhead of O(N) messages. From a computational perspective, each local
node reads the common bus and independently aggregates the M active states to calculate the centroid Ψ(t) using
Eq. (5). Consequently, the individual computational burden associated with this arithmetic aggregation scales as
O(N) additions per node. Since the N nodes each perform O(N) arithmetic additions to estimate the centroid, the
total arithmetic complexity across the network scales as O(N2). However, the primary advantage of the proposed
mean-field formulation lies in the execution of transcendental non-linear operations. Unlike classical pairwise
Kuramoto formulations, which require the explicit evaluation of N(N − 1) non-linear sine functions and therefore
exhibit a global non-linear computational bottleneck of O(N2), the mean-field approach evaluates trigonometric
interactions linearly. Specifically, each node computes only a single trigonometric deviation with respect to the
centroid, sin(Ψ− θ̂i), within the control law. As a result, the total network complexity associated with computationally
expensive non-linear operations is reduced to O(N). This distinction minimizes processing bottlenecks and makes
the architecture highly advantageous for resource-constrained embedded applications.
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2.4 Adaptive Control Law and Phase-Cohesive Consensus

The synchronization dynamics require the micro-generators to adjust their frequencies in order to reach network
consensus. Unlike classical formulations that employ a constant coupling strength, this architecture proposes a
control law with an adaptive gain KKUR,i(t) driven by the frequency error relative to the mean field.

First, the instantaneous average of the estimated network frequencies, ω̄(t), is calculated. The frequency error of
each node relative to this average is processed through a saturated Proportional-Integral (PI) controller, defining the
dynamic coupling strength, as defined in Eq. (7):

KKUR,i(t) = sat
(︃

Kp|ω̄(t)− ω̂i(t)|+ Ki

∫︂
|ω̄(τ)− ω̂i(τ)| dτ

)︃
(7)

This dynamic gain multiplies the nonlinear phase error, generating the final correction signal, as expressed in Eq.
(8):

ui(t) = KKUR,i(t) sin(Ψ(t)− θ̂i(t)) (8)

The implementation of this adaptive scheme guarantees smooth asymptotic convergence. Because it depends on
the integral of the frequency error, the gain acts as a soft-start mechanism.

To show that convergence of the local phase error implies consensus (R(t) → 1), the local phase is written as
θ̂i(t) = Ψ(t)− eθ,i(t) and substituted into the definition of the order parameter, yielding Eq. (9):

R(t)eiΨ(t) = eiΨ(t)

(︄
1
M

M

∑
j=1

e−ieθ,j(t)

)︄
(9)

Factoring out the term eiΨ(t) isolates the scalar magnitude R(t), which represents network coherence given in Eq.
(10):

R(t) =

(︄
1
M

M

∑
j=1

e−ieθ,j(t)

)︄
(10)

Applying Euler’s identity to expand the complex exponential, the equation can be decomposed into its real and
imaginary components using Eq. (11):

R(t) =
1
M

M

∑
j=1

cos(eθ,j(t))− i
1
M

M

∑
j=1

sin(eθ,j(t)) (11)

The imaginary component vanishes because R(t) is defined as a real scalar magnitude. Therefore, the magnitude
of the network coherence reduces to the sum of its real components, as shown in Eq. (12):

R(t) =
1
M

M

∑
j=1

cos(eθ,j(t)) (12)

This equation analytically demonstrates the main objective of the adaptive-gain control law. When the tracking
algorithm acts and the system reaches steady state, the phase error at each individual node is driven toward zero
(eθ,i(t) → 0).

Under this condition, the trigonometric limit satisfies limeθ,j→0 cos(eθ,j(t)) = 1. Substituting this value yields the
final state of the system observed in Eq. (13):

R(t) → 1
M

M

∑
j=1

(1) =
M
M

= 1 (13)

This derivation shows that eliminating the local angular deviations through the controller is a sufficient condition
for achieving electromagnetic coherence of the network and, consequently, a state of phase consensus.

While the proposed adaptive gain control law drives the phase error to zero (eθ,i(t) → 0), it is necessary to clarify
the range of attraction for this consensus. Due to the 2π periodicity of the sinusoidal coupling function (Eq. (8)), the
dynamical system evolves in such a way that the phases of the oscillators can be separated by exactly π radians.
Consequently, the synchronization achieved is not strictly global for all arbitrary initial conditions over (−π, π].
Instead, the consensus is formally restricted to a cohesive phase region, defined by a maximum initial phase spread
strictly less than π radians (max |θ̂i(0)− θ̂j(0)| < π).
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2.5 Rotor-Dynamics Modeling and Closed-Loop Stability

The rotational dynamics of each PMSG rotor are governed by Newton’s second law for rotation, which balances the
inertial acceleration and viscous rotational damping against the net torque acting on the shaft [10]:, as expressed in
Eq. (14)

J
d2θm(t)

dt2 + D
dθm(t)

dt
= Tm(t)− Te(t) (14)

where J is the total moment of inertia of the generator rotor, D denotes the viscous friction, θm(t) and dθm(t)
dt

represent the mechanical angular position and mechanical angular velocity , respectively, Tm(t) is the mechanical
driving torque, and Te(t) is the opposing electromagnetic torque.

Applying the Laplace transform, we obtain the Eq. (15):

(Js + D)Ω(s) = Tm(s)− Te(s) (15)

and therefore the transfer function between the torque difference and angular velocity is given in Eq. (16):

Ω(s)
Tm(s)− Te(s)

=
1

Js + D
(16)

This result shows how the inclusion of the damping term D transforms the original differential equation into a
more stable first-order model consistent with the dynamics observed in real electrical systems.

If the synchronization dynamics of a generator are modeled as a first-order system with inertia (J) and natural
damping (D), its transfer function G(s) is given by Eq. 16.

The Proportional-Integral (PI) controller in the Laplace domain [11] as expressed in Eq. (17):

C(s) = Kp +
Ki
s

=
Kps + Ki

s
(17)

The closed-loop stability condition is obtained by setting the denominator of the overall transfer function equal to
zero [11], using Eq. (18):

1 + C(s)G(s) = 0 (18)

Substituting C(s) and G(s) gives the Eq. (19):

1 +
(︃

Kps + Ki

s

)︃(︃
1

Js + D

)︃
= 0 (19)

Multiplying by s(Js + D) to eliminate the denominators and collecting terms yields Eq. (20):

Js2 + (D + Kp)s + Ki = 0 (20)

This quadratic polynomial constitutes the characteristic equation of the closed-loop system and shows how the PI
controller modifies the coefficients associated with inertia, damping, and integral gain.

The Proportional-Integral controller for the adaptive gain was tuned through an analysis of the transient behavior.
To validate the closed-loop stability of the system, the characteristic equation is analyzed using the Routh-Hurwitz
stability criterion [11]. By constructing the Routh array for the polynomial Js2 + (D + Kp)s + Ki = 0, the terms in the
first column result in J for the s2 row, (D + Kp) for the s1 row, and Ki for the s0 row. The criterion establishes that
stability is guaranteed if there are no sign changes in this first column. Given that the physical parameters of rotor
inertia (J) and damping (D) are intrinsically positive constants, the controller design with strictly positive PI gains
(Kp > 0, Ki > 0) ensures that J > 0, D + Kp > 0, and Ki > 0. Consequently, with no sign changes present, no root of
the characteristic equation lies in the right half of the complex s-plane, confirming the stability of the system.

Furthermore, to theoretically validate the transient response dynamics, the denominator of the closed-loop
transfer function is equated to the standard normalized second-order form: s2 + 2ζωns + ω2

n = 0 [11]. By dividing
the characteristic equation (Eq. (20)) by J, the natural frequency of the system is analytically defined as ωn =

√
Ki/J,

and the damping ratio as ζ = (D + Kp)/(2
√

JKi). As demonstrated by the unit-step response curves for second-order
systems, damping ratios less than unity (ζ < 1) induce an underdamped behavior characterized by overshoots and
oscillations [11]. Therefore, to prevent destructive circulating currents caused by such oscillations in the stators, it is
imperative to impose a critically damped (ζ = 1.0) or overdamped response. To achieve this, the proportional gain
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must satisfy the theoretical boundary condition: Kp ≥ 2
√

JKi − D. The selected parameters (Kp = 0.035, Ki = 0.02)
were tuned to intrinsically satisfy this analytical constraint against the nominal parameters of the micro-generators,
thereby guaranteeing the smooth, oscillation-free exponential convergence observed in the simulation results.

Likewise, the output of this controller is bounded by a saturation block that acts as a physical limiter, preventing
excessive control effort during the maximum divergence of the initial transient regime.

To guarantee the nonlinear stability of the closed-loop mean-field synchronization, a Lyapunov-based analysis is
applied. Following literature on phase-coupled oscillator networks and the Kuramoto potential [12], we define a
continuous, positive-definite Lyapunov candidate function V(θ) representing the cohesion energy of the network’s
phase errors. Let eθ,i = Ψ − θ̂i be the local phase error. The potential function is defined by Eq. (21):

V =
M

∑
i=1

(1 − cos(eθ,i)) (21)

This function satisfies V > 0 for eθ,i ∈ (−π, π) excluding the origin, and equals zero at the consensus state
(eθ,i = 0). Taking the time derivative yields the exact gradient-descent dynamics of the network, as expressed in Eq.
(22):

V̇ =
M

∑
i=1

sin(eθ,i)ėθ,i (22)

To evaluate Eq. (22), the system is analyzed within a synchronous reference frame rotating at the centroid’s velocity
(ωsync = Ψ̇). In this frame, the centroid is stationary (Ψ̇sync = 0), simplifying the error dynamics to ėθ,i = − ˙̂θi,sync.
Furthermore, assuming a timescale separation where the inner mechanical dynamics are heavily damped, the phase
kinematics are directly governed by the control effort from Eq. (8), yielding ˙̂θi,sync ≈ ui(t) = KKUR,i(t) sin(eθ,i).
Substituting the resulting relationship, ėθ,i = −KKUR,i(t) sin(eθ,i), into Eq. (22) directly yields Eq. (23):

V̇ = −
M

∑
i=1

KKUR,i(t) sin2(eθ,i) (23)

Since the adaptive PI controller guarantees positive dynamic gain (KKUR,i(t) > 0), it follows from Eq. (23) that
V̇ ≤ 0. While this establishes Lyapunov stability, it does not strictly guarantee asymptotic convergence because V̇ is
negative semi-definite. To prove asymptotic convergence, LaSalle’s Invariance Principle is applied [13]. According to
this principle, the system trajectories converge to the largest invariant set contained within the region where V̇ = 0.
From Eq. (23), the condition V̇ = 0 requires sin(eθ,i) = 0 for all nodes. Because the network operates within the
phase-cohesive region eθ,i ∈ (−π, π), the unique valid solution within this domain is the consensus origin eθ,i = 0.
Thus, LaSalle’s principle formally guarantees that the micro-generators asymptotically converge to the synchronized
state. To numerically corroborate this theoretical stability. As illustrated in Fig. 6, prior to synchronization (t < 1
s), the network exhibits high, oscillatory potential energy due to decoupled frequencies. Upon activation of the
mean-field control law, the energy dissipates (V̇ ≤ 0) and converges to zero. This real-time transient behavior
validates the analytical proof, confirming that the adaptive gain strategy drives the multi-generator system toward a
stable, cohesive phase consensus.
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Figure 6: Lyapunov stability analysis. The top panel displays the evolution of the potential energy V(θ) converging to zero, while
the bottom panel confirms that the energy derivative V̇ remains negative (V̇ ≤ 0) after the control activation at t = 1 s.

2.6 Digital-Twin Configuration and Simulation Conditions

To evaluate the performance of the proposed architecture, the network was implemented in the Simulink environment
using a topology composed of N = 4 PMSG micro-generator nodes. To test system robustness under initial
mismatches, heterogeneous natural oscillation frequencies were assigned to the generators: f1 = 17 Hz, f2 = 25 Hz,
f3 = 20 Hz, and f4 = 22 Hz.

The simulation is divided into two temporal stages using a step function. During the first second (0 ≤ t < 1 s),
the network operates in open loop (KKUR,i = 0), allowing each SRF-dqPLL algorithm to correctly estimate the natural
phase and frequency of its respective node from voltage measurements. At t = 1 s, the mean-field control law is
activated, closing the synchronization loop.

3 Results

To validate the proposed control architecture and evaluate the stability of mean-field consensus, a continuous digital
twin of the system was developed on the Simulink platform. The simulations analyze the transient and steady-state
response of a micro-generator network under initial frequency mismatches.

3.1 Validation of the State Estimator (SRF-dqPLL)

A fundamental prerequisite for the mean-field scheme is the correct extraction of the local phase and frequency at
each node. During the open-loop interval, the ability of the continuous tracking loop to drive the quadrature error
vq(t) to zero and lock onto the natural dynamics of each micro-generator was evaluated.

Fig.7 illustrates the standalone performance of the decentralized SRF-dqPLL estimator for each of the four nodes
during the asynchronous startup phase. Two key behaviors validate the mathematical modeling. First, the peak
amplitudes of the measured three-phase terminal voltages (solid lines) vary proportionally with their respective initial
mechanical frequencies which strictly complies with the physical relationship established by the permanent-magnet
flux linkage λm in Eq. (1). Second, the control effectiveness is visually confirmed by the dashed green line, which
represents a normalized sinusoidal projection of the estimated phase θ̂i(t). Across all four subplots, the zero-crossings
and peaks of this estimated signal perfectly align with the phase-a voltage (Va). This superimposition demonstrates
that the controller forces the quadrature component vq(t) to zero, achieving d-axis alignment for each node. The
absence of a steady-state phase offset confirms that the SRF-dqPLL algorithm provides a stable angular reference
θ̂i(t), which is required to compute the centroid Ψ(t).

3.2 Frequency Convergence Analysis

Once the local measurements of each generator had been validated, the network response to activation of the coupling
was evaluated. Fig. 8 presents the time evolution of the electrical frequencies of the four micro-generators.

44



Mean-Field Synchronization of PMSG Networks

(a) Generator 1 (17 Hz) (b) Generator 2 (25 Hz)

(c) Generator 3 (20 Hz) (d) Generator 4 (22 Hz)

Figure 7: Response of the SRF-dqPLL tracking loop during startup of the four nodes.

Before t = 1 s, the system exhibits a dispersed state due to the different natural angular velocities (ωm). Once the
loop is closed and the mean-field coupling is activated, the frequencies converge cooperatively toward a consensus
value of approximately 21 Hz, demonstrating that the adaptive gain KKUR,i(t) mitigates the initial frequency
divergence.

Figure 8: Convergence of the frequencies toward consensus through mean-field coupling.

3.3 Phase Synchronization and Network Consensus

In addition to frequency synchronization, phase consensus is necessary to enable electrical interconnection. Fig.9
shows the decay of the global phase error. After activation at t = 1 s, the error exhibits exponential decay without
underdamped oscillations. By t = 8 s, the error is practically zero, ensuring that the coherence parameter reaches its
maximum value.
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Figure 9: Time evolution of the global phase error.

The electromagnetic impact of this mathematical consensus becomes evident when the voltages of the four
network nodes are compared. Fig. 10 shows the superimposed three-phase voltages before synchronization,
illustrating an out-of-phase condition that would prevent interconnection to a common bus.

Figure 10: Network voltages in the dispersed state before synchronization.

In contrast, Fig.11 presents the system state after steady state has been reached. The mean-field centroid Ψ(t)
aligns the sinusoidal waveforms, resulting in a synchronized three-phase electrical system.
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Figure 11: Consensus of the network three-phase voltages after the action of the mean-field controller.

4 Discussion

The numerical results demonstrate the effectiveness of the proposed mean-field coupling architecture in achieving
frequency and phase synchronization among PMSG micro-generators with heterogeneous initial operating conditions.
These findings are consistent with the theoretical framework of Benedetto et al. [1], who investigated complete phase
synchronization in the mean-field limit of the Kuramoto model. While their analysis addresses the collective behavior
of oscillator populations in the continuum limit, the present study examines a finite network of four micro-generators
incorporating electromechanical dynamics, local state estimation, and adaptive control. The observed convergence
toward a common frequency, followed by the progressive reduction of phase error, provides numerical evidence of
synchronization under the operating conditions considered.

From an algorithmic perspective, the proposed formulation can be interpreted within the broader framework
of Kuramoto synchronization in complex networks reviewed by Rodrigues et al. [4]. By expressing the coupling
interaction through a common order parameter, the synchronization algorithm avoids the explicit evaluation of
individual pairwise phase differences. For the all-to-all coupling formulation considered, this representation reduces
the computational effort associated with evaluating the network interactions from O(N2) to O(N). However, this
reduction concerns the mathematical evaluation of the coupling terms and does not, by itself, establish equivalent
improvements in communication latency or execution time on embedded hardware.

The present investigation also extends the application-oriented perspective of Rincón-Silva et al. [6], who
addressed PMSG micro-generator synchronization using a low-cost embedded system based on the Kuramoto model.
In contrast, the emphasis here is placed on the convergence properties of a mean-field formulation, including the
relationship between phase cohesion, adaptive coupling, and closed-loop stability. The integration of SRF-dqPLL
estimators enables each generator to obtain its phase and frequency information from local voltage measurements,
while the shared mean-field reference coordinates the synchronization process. This distinction highlights the
analytical contribution of the present work without implying that its numerical results constitute an experimental
validation of the proposed architecture.

Regarding transient behavior, the adaptive-gain strategy produced a smooth convergence response without
sustained oscillations in the simulated conditions. This observation is relevant to the stability concerns addressed by
Ma and Shi [10], who investigated parameter-adaptive control for virtual synchronous generators under resistive-
inductive grid-connected conditions. Although the two approaches involve different generator representations
and control objectives, both emphasize the importance of transient stability in electrically coupled generation
systems. In the present study, the gradual reduction of phase mismatch suggests favorable conditions for subsequent
electrical interconnection; nevertheless, the suppression of circulating currents cannot be established without explicitly
modeling and evaluating the corresponding electrical transients.

Despite these results, the analysis remains limited to a continuous-time digital twin of four PMSG units. Because
the primary objective of this work is to establish the foundational continuous-time convergence of the mean-field
architecture coupled with local SRF-dqPLL estimators, the present robustness evaluation focuses strictly on initial
frequency mismatches. Consequently, the generator model neglects magnetic saturation, and the computation of the
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mean-field centroid assumes reliable, instantaneous exchange of the estimated states among active nodes (τ = 0).
In practical implementations, measurement noise, communication delays, and inverter switching harmonics may
affect the accuracy of the estimated phases and the resulting synchronization performance. However, a formal
delay-robustness analysis lies beyond the scope of the present continuous-time study. Furthermore, although the
mean-field formulation offers favorable computational scaling, its effectiveness in larger networks, under dynamic
changes in network membership, and through systematic bounded-delay evaluations and hardware experiments
remains to be established in future work.

5 Conclusions

This study presented analytical and numerical evaluations of a mean-field Kuramoto architecture for decentralized
synchronization in PMSG micro-generation networks. The four-node digital-twin simulations demonstrated con-
vergence from heterogeneous initial frequencies toward a common operating frequency, followed by a progressive
reduction of phase error. These results support the proposed combination of local SRF-dqPLL estimation and
adaptive-gain control within the phase-cohesive operating conditions considered.

The principal contribution lies in integrating a computationally efficient mean-field formulation with sensorless
state estimation and adaptive synchronization control. Although the analytical (Routh-Hurwitz and Lyapunov)
and numerical results establish the feasibility of the proposed approach within a phase-cohesive region under the
simulated conditions, its performance in physical systems remains to be verified. Future work will therefore address
embedded implementation and experimental assessment under measurement uncertainties, communication delays,
and hardware-related disturbances.
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Abstract

This study develops a sparse-sensor physics-informed neural network (PINN) to reconstruct a transient two-dimensional thermal
field and identify thermal diffusivity, volumetric heat loss, and source amplitude from noisy point measurements. Sixteen interior
sensors provide 5424 observations for a moving-source benchmark. The nominal model achieves a mean root-mean-square error
(RMSE) of 3.52 × 10−3 normalized temperature units and a global relative L2 error of 2.87 × 10−2. The corresponding relative
errors in the three identified coefficients are 5.04%, 24.54%, and 7.90%. Under matched data, architecture, initialization, and
iteration budget, the physics-informed model reduces mean RMSE by 96.03% relative to a conventional data-only neural network
and by 95.56% relative to spatiotemporal interpolation. One-factor-at-a-time tests indicate that spatial sensor scarcity and loss
weighting are more influential than temporal subsampling over the ranges examined. The results show that governing-equation
constraints provide strong regularization for sparse thermal reconstruction; however, the sensitivity results are diagnostic rather
than statistical, and experimental validation remains necessary before deployment.

Keywords— Physics-informed neural network, Inverse heat conduction, Sparse sensors, Thermal field reconstruction,
Parameter identification, Sensitivity analysis

1 Introduction

Inverse heat-conduction problems arise in thermal monitoring, digital twins, advanced manufacturing, electronics
cooling, and energy systems. In these applications, complete internal temperature fields and effective material
properties are seldom measured directly. Classical inverse workflows couple a numerical solver with explicit
regularization and an outer optimization loop, but their computational cost and ill-conditioning grow when
measurements are sparse, noisy, or confined to a small part of the domain. Scientific machine learning offers a
complementary strategy in which observations and governing equations are incorporated into one trainable model
[1, 2, 3, 4]. Related data-driven studies have also demonstrated neural-network-based system identification under
complex dynamics and noisy observations, including approaches that incorporate probabilistic information to
improve modeling accuracy [5].

A physics-informed neural network (PINN) is trained not only from data, but also by penalizing violations of
a partial differential equation (PDE), its boundary conditions, and its initial condition [2]. This approach builds
on residual and variational neural solvers such as the Deep Ritz method and the Deep Galerkin method (DGM)
[6, 7]. Later work has addressed DeepXDE (deep learning for differential equations) and the Scientific Artificial
Neural Networks (SciANN) interface [8, 9], gradient imbalance in composite objectives [10], adaptive activations
[11], hp-variational physics-informed neural networks (hp-VPINNs), in which h and p denote subdomain scale and
polynomial degree, for domain decomposition [12], Bayesian physics-informed neural networks (B-PINNs) [13], and
deep operator networks (DeepONets) [14]. Together, these studies show that PINNs are flexible inverse solvers, while
also identifying optimization, loss scaling, and uncertainty as persistent limitations [3, 15].

Thermal applications include direct heat-equation solutions, inverse coefficient or heat-flux estimation, manu-
facturing surrogates, and virtual thermal sensing [4, 16, 17, 18, 19, 20, 21]. Zobeiry and Humfeld studied one- and
two-dimensional conduction models with physics-based feature engineering. Oommen and Srinivasan considered
data-sparse inverse heat transfer without a conventional surrogate, while He et al. and Billah et al. examined direct
and inverse conduction in materials. Go et al. developed a PINN-based virtual thermal sensor. More recent studies
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have investigated improved PINN formulations for transient nonlinear and inhomogeneous heat conduction [22],
uncertainty quantification and enhanced formulations for inverse heat-conduction problems [23, 24], and transient
thermal problems involving moving heat sources [25]. These studies establish the feasibility of physics-informed
learning for inverse and transient thermal problems, but their domains, measurements, unknowns, and error
normalizations differ. A direct ranking of their reported errors would therefore be misleading.

A controlled comparison on a single benchmark helps isolate the contribution of physics constraints. In particular,
neural identification studies show that model architecture and probabilistic treatment can affect performance under
noisy, complex data [5], while recent sequence-based neural models have used learned representations to identify
nonlinear robotic systems from heterogeneous measurements [26]. These results motivate careful control of model
capacity, available observations, and training conditions when assessing a physics-informed model. They also
reinforce the importance of distinguishing improvements associated with the learning architecture from those
attributable to the incorporation of physical knowledge.

Another distinction matters for inverse thermal problems: field reconstruction and parameter identification are
not necessarily equivalent objectives. A model may reconstruct the temperature field accurately while still exhibiting
comparatively large errors in one or more physical coefficients. This is particularly relevant for sparse-sensor
problems, where different parameters can produce partially correlated effects on the thermal dynamics. The present
study therefore evaluates field reconstruction and parameter recovery separately.

The present study focuses on a controlled sparse-sensor benchmark for transient two-dimensional inverse heat
conduction. It reconstructs the thermal field while simultaneously identifying three positive physical coefficients
from sixteen noisy interior sensors. The proposed PINN is compared with a data-only neural network using the same
architecture and observations, as well as with noniterative spatiotemporal interpolation. The study also examines
sensor count, temporal sampling, measurement noise, and individual loss weights through controlled sensitivity
runs.

The comparison with existing literature is summarized in Table 1. These studies differ in their physical settings,
estimated quantities, measurement configurations, and reported accuracy. Their error normalizations are not
directly comparable, so a ranking of their reported errors would be misleading, and a controlled comparison on
one benchmark is still needed to isolate the contribution of the physics constraints. The closest prior work, Bidou et
al. [21], addresses two-dimensional transient inverse conduction with a Gaussian internal source and PINN-guided
sensor placement, but treats orthotropic property identification and source identification as separate tasks. None of
the cited studies simultaneously recovers the thermal diffusivity, a volumetric heat-loss coefficient, and the source
amplitude in a two-dimensional transient problem with a composite moving and stationary source from a small
set of noisy interior sensors. That combination is the focus of the present work, and the sparse-sensor setting is
precisely where physics-informed constraints matter most: sixteen sensors cannot determine a 192 × 192 field from
data alone, so the governing equation and the boundary and initial conditions must carry the spatial information
that the measurements do not.

Table 1: Positioning of the present work with respect to recent physics-informed neural-network heat-conduction studies.

Study Task and setting Estimated unknowns Sensors / data Reported accuracy

Cai et al. [4] Forward/inverse; 2-D con-
vection, cylinder

Temperature, velocity, and
pressure fields; boundary
conditions; Nusselt number

As few as six sparse sen-
sors

Relative L2 temperature errors,
1.25–15.09%

Zobeiry and Hum-
feld [16]

Forward; 1-D and 2-D con-
duction, convective bound-
aries

Temperature field only No sensor data Agrees with finite-element re-
sults

Oommen and Srini-
vasan [17]

Inverse; four data-sparse
heat-transfer cases

Unknowns of the four cases Sparse measurements Better than conventional ma-
chine learning

He et al. [18] Forward/inverse; 1-D con-
duction, wood and steel

Constant material parame-
ters

Measured data High accuracy against exact so-
lutions

Billah et al. [19] Inverse; 1-D unsteady alu-
minum wall

Thermal diffusivity; bound-
ary heat flux

Small interior observation
subset

Robust to noisy observations

Go et al. [20] Forward surrogate; plate of
varying thickness

Real-time field surrogate Transfer learning across
scenarios

Agrees with finite-element re-
sults

Bidou et al. [21] Inverse; 2-D transient plate,
Gaussian source

Property tensor, or source
amplitude, position, and
dispersion (separate tasks)

Sensitivity-guided sensor
set; noise up to 0.5 K

High accuracy, reported quali-
tatively

This work Inverse; 2-D transient; mov-
ing plus stationary source;
heat-loss term

Diffusivity, heat loss, and
source amplitude simulta-
neously

16 random sensors; 5424
observations; 10−3 noise

EL2 = 2.87 × 10−2; parameter
errors 5.04, 24.54, and 7.90%
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This study makes five contributions. First, it reconstructs a transient two-dimensional field while identifying
three positive thermal coefficients from sixteen noisy interior sensors. Second, it compares the physics-informed
model with a neural network of identical architecture but without physics-based losses, as well as with noniterative
spatiotemporal interpolation. Third, it examines sensor count, temporal sampling, measurement noise, and every
loss weight through controlled sensitivity runs. Fourth, it provides a workflow that details the hardware, accuracy,
initialization, random seeds, number of parameters, batch sizes, and stopping rule (see the program available at
the link at the end of this paper). Fifth, it situates the configuration against the closest published studies, including
Bidou et al. [21], in Table 1. The analysis treats field reconstruction and parameter observability as distinct objectives
and discusses the requirements for transfer to experimental measurements.

2 Physics-informed formulation

Let x ∈ [0, Lx] and y ∈ [0, Ly] denote the spatial coordinates, let t ∈ [0, T] denote time, and let u(x, y, t) be the
temperature field. The rectangular spatial domain is Ω = (0, Lx)× (0, Ly), its boundary is ∂Ω, and T is the final
time. A feedforward network uθ(x, y, t) approximates u, where θ collects all trainable neural weights and biases. The
unknown positive coefficients are the thermal diffusivity α, the linear heat-loss coefficient γ, and the source-amplitude
coefficient β. The strong-form residual is

Rθ(x, y, t) =
∂uθ

∂t
− α

(︃
∂2uθ

∂x2 +
∂2uθ

∂y2

)︃
+ γuθ − βS(x, y, t), (1)

where Rθ measures the local heat-balance error and S(x, y, t) is the prescribed, dimensionless source shape.
Suppose that Ns scalar observations are recorded. The sensor data set is

Ds = {(xm, ym, tm, ˜︁um)}Ns
m=1, ˜︁um = u(xm, ym, tm) + εm, εm ∼ N (0, σ2

n). (2)

Here, m indexes an observation; (xm, ym, tm) is its space-time coordinate; ˜︁um is the measured temperature; εm is
zero-mean Gaussian noise; σn is its standard deviation; and N (0, σ2

n) denotes a normal distribution with variance σ2
n .

Training minimizes the composite objective

L = wdLdata + w fLPDE + wbLBC + w0LIC + wpLprior, (3)

where L is the total loss and wd, w f , wb, w0, and wp are nonnegative weights for the data, governing-equation,
boundary-condition, initial-condition, and parameter-prior terms. The abbreviations PDE, BC, and IC denote partial
differential equation, boundary condition, and initial condition, respectively. The component losses are

Ldata =
1

Ns

Ns

∑
m=1

|uθ(xm, ym, tm)− ˜︁um|2, LPDE =
1

N f

N f

∑
j=1

|Rθ(ξ j)|2,

LBC =
1

Nb

Nb

∑
j=1

|uθ(ξ
(b)
j )|2, LIC =

1
N0

N0

∑
j=1

|uθ(x(0)j , y(0)j , 0)− u0(x(0)j , y(0)j )|2. (4)

The index j enumerates training points. The points ξ j = (x( f )
j , y( f )

j , t( f )
j ) lie inside Ω× (0, T], and ξ

(b)
j = (x(b)j , y(b)j , t(b)j )

lie on ∂Ω × (0, T]. The pair (x(0)j , y(0)j ) is an initial-time spatial point, and u0(x, y) is the prescribed initial field. The
superscripts f , b, and 0 label interior, boundary, and initial sets. Accordingly, N f , Nb, and N0 are the numbers of
interior, boundary, and initial points in each training batch.

A weak logarithmic prior,

Lprior = (log α − log α0)
2 + (log γ − log γ0)

2 + (log β − log β0)
2, (5)

conditions the early inverse search, where α0, γ0, and β0 are the initial coefficient guesses and log is the natural
logarithm. Positivity is enforced through α = eηα , γ = eηγ , and β = eηβ ; e is the natural exponential base, and ηα, ηγ,
and ηβ are unconstrained trainable scalars.

The nominal weight vector is (wd, w f , wb, w0, wp) = (50, 1, 10, 10, 10−4). The data term is scaled upward because
its unweighted mean-square magnitude is small relative to the PDE residual. The boundary and initial terms receive
larger weights to preserve the known constraints, whereas the prior remains deliberately weak. Section 4.3 perturbs
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each weight separately rather than treating the nominal vector as universally optimal. The network has five hidden
layers of width 128 and hyperbolic-tangent activations. Its input contains the normalized coordinates (x, y, t) and the
sine and cosine of 48 Gaussian random Fourier projections, which help represent the moving localized source. The
neural network has 78,977 trainable parameters; the three physical scalars increase the total to 78,980.

3 Thermal benchmark and numerical protocol

The benchmark uses normalized coordinates on the unit square Ω = (0, 1)2 over the time interval 0 ≤ t ≤ T = 1:

∂u
∂t

= α∇2u − γu + βS(x, y, t), u|∂Ω = 0, u(x, y, 0) = 0. (6)

Here, ∇2u = ∂2u/∂x2 + ∂2u/∂y2 is the two-dimensional Laplacian. The superscript ⋆ identifies the exact coefficient
used only to generate the synthetic reference data: α⋆ = 0.017, γ⋆ = 0.85, and β⋆ = 7.5. The source combines a
moving pulsed Gaussian with a weaker stationary hot spot:

S(x, y, t) = p(t) exp

[︄
− (x − cx(t))2

2σ2
x

− (y − cy(t))2

2σ2
y

]︄

+ As ps(t) exp
[︃
− (x − xs)2 + (y − ys)2

2σ2
s

]︃
, (7)

cx(t) = 1
2 + rx cos(2πnrt + ϕ), cy(t) = 1

2 + ry sin(2πnrt + ϕ), (8)

with p(t) = 0.65 + 0.35 sin2(2πnpt) and ps(t) = 0.5 + 0.5 cos2(2πnst). The pair (cx, cy) is the moving-source center;
rx and ry are its orbit radii; nr is the number of rotations; and ϕ is the phase. The quantities σx and σy are the
main-source spreads. For the secondary source, As is the relative amplitude, (xs, ys) is the center, and σs is the spread.
Finally, np and ns control the two pulse modulations. The numerical values are rx = 0.25, ry = 0.18, nr = 1.35,
ϕ = 0.15π, σx = 0.055, σy = 0.045, As = 0.35, (xs, ys) = (0.27, 0.73), σs = 0.085, np = 5, and ns = 2.

A five-point explicit finite-difference scheme generates the reference field on a 192 × 192 grid. The temporal grid
is automatically increased from 1001 to 2698 points to satisfy the sufficient stability condition

∆t ≤
2s f

γ⋆ + 4α⋆(∆x−2 + ∆y−2)
, s f = 0.92, (9)

where ∆x, ∆y, and ∆t are the uniform spatial and temporal steps, and s f is a dimensionless safety factor. Sixteen
interior sensor locations are drawn once with seed 17 and a 12% boundary margin. Every eighth stable time sample
is retained, including t = 1, which gives 339 samples per sensor and Ns = 5424 observations. Gaussian noise with
standard deviation σn = 10−3 max |u| = 7.47 × 10−4 normalized temperature units (n.t.u.) is added with seed 1701.

The training is performed using the MATLAB numerical-computing environment, release R2026a Update 4, Deep
Learning Toolbox 26.1, Parallel Computing Toolbox 26.1, single precision, and an NVIDIA GeForce RTX 4050 Laptop
graphics processing unit (GPU) with 6 gigabytes (GB) of memory. The adaptive moment estimation (Adam) optimizer
runs for a fixed budget of 7200 iterations with an initial learning rate of 2 × 10−3 and decay of 10−4; early stopping is
disabled. Weights are initialized with the Glorot-uniform distribution, with per-layer limit

√︁
6/(nin + nout), where

nin and nout are the input and output unit counts, to preserve the scale of activations and gradients across the five
tanh layers; biases are zero. The 48 Gaussian random Fourier projections use a fixed scale of 2.5. A fixed seed of
2701 makes the nominal comparison reproducible. The initial coefficient guesses (α0, γ0, β0) = (0.008, 0.35, 3.5) are
deliberately biased away from the true values so that the recovery in Table 2 reflects identifiability rather than a
favorable starting point. Each iteration uses all 5424 observations and newly sampled batches of 4096 interior, 1024
boundary, and 1024 initial points. The nominal wall-clock training time is 241.46 s; it is reproducibility metadata only
and is never used as a performance statistic.

The data-only neural network uses the same architecture, Fourier map, initialization seed, observations, and 7200-
iteration budget, but it minimizes only the sensor mean-square error and does not identify physical parameters. The
interpolation baseline first applies linear interpolation in time at each sensor and then natural-neighbor interpolation
in space, with nearest-neighbor extrapolation where needed. Both baselines use exactly the same sensor data as the
physics-informed model, so differences in field accuracy can be attributed to the physics constraints rather than to
data availability.
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For evaluation frame k, the root-mean-square error (RMSE) and mean absolute error (MAE) are

RMSEk =

(︄
1

Ng

Ng

∑
i=1

(ˆ︁ui,k − ui,k)
2

)︄1/2

, MAEk =
1

Ng

Ng

∑
i=1

|ˆ︁ui,k − ui,k|, (10)

where i indexes a grid point, Ng = 1922 is the number of grid points, ˆ︁ui,k is the predicted temperature, and ui,k is the
reference temperature. Over Ne = 12 evaluation frames, the global relative error is

EL2 =

(︄
∑Ne

k=1 ∥ˆ︁uk − uk∥2
2

∑Ne
k=1 ∥uk∥2

2

)︄1/2

, (11)

where ˆ︁uk and uk are the vectorized predicted and reference fields, and ∥ · ∥2 is the Euclidean norm. The zero-energy
initial frame is excluded only from framewise relative-error averages; Equation (11) remains well defined over all Ne
frames.

4 Results

4.1 Nominal optimization, reconstruction, and parameter identification

Figure 1 summarizes the nominal optimization: the weighted data and PDE terms dominate the final objective, the
total loss reaches 1.53 × 10−3 at iteration 7200, and the normalized trajectories show late-stage recovery of α and
β, while γ remains below its reference value. Training stops at the fixed iteration budget, so these curves describe
optimization behavior rather than an early-stopping criterion.
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Figure 1: Nominal PINN training. (a) Total loss and weighted components. (b) Identified coefficients normalized by their true
values. PDE, BC, and IC denote partial differential equation, boundary condition, and initial condition.

Across the 12 evaluation frames, the mean RMSE is 3.5175 × 10−3 n.t.u., the maximum RMSE is 4.4057 × 10−3

n.t.u., the mean MAE is 2.4203 × 10−3 n.t.u., and EL2 = 2.8689 × 10−2. At t = 1, the RMSE is 2.5072 × 10−3 n.t.u.
and the relative L2 error is 1.3563 × 10−2. As shown in Figure 2, the reconstruction preserves the dominant hot
region, the secondary footprint, and the diffusion trail despite measurements from only sixteen locations; the largest
discrepancies remain near steep source-induced gradients.

Table 2 shows relative errors below 8% for α and β, but 24.54% for γ. This difference is physically plausible:
diffusivity and volumetric loss both affect temporal decay and spatial smoothing and are hard to separate with
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Figure 2: Final-time field at t = 1. Left: finite-difference reference; center: PINN reconstruction; right: absolute error. Black points
indicate the sixteen sensor locations.

Table 2: Physical-parameter identification in the nominal run.

Parameter True Initial Estimated Relative error (%)

α 0.0170 0.0080 0.016144 5.036
γ 0.8500 0.3500 0.641444 24.536
β 7.5000 3.5000 6.907141 7.905

sparse sensors, whereas source amplitude is more directly related to peak temperature. Accurate field reconstruction
and partial coefficient recovery therefore coexist, and state and parameter errors must be interpreted separately.

4.2 Controlled comparison with data-only reconstruction

Figure 3 and Table 3 provide the main controlled validation. The PINN reduces mean RMSE by 96.03% relative to the
matched data-only neural network (NN) and by 95.56% relative to spatiotemporal interpolation. The corresponding
reductions in EL2 are 95.98% and 95.77%. At the final frame, the two data-only baselines have relative errors near
0.64, whereas the PINN gives 0.0136. The conventional NN has the same 78,977 neural parameters and the same
initialization, so the accuracy gap cannot be explained by network size. Instead, it isolates the regularization provided
by the PDE, boundary, and initial-condition terms. Only the PINN also estimates α, γ, and β. We acknowledge that
the two iterative models are not symmetric in the information they use: the PINN receives the governing equation,
the boundary condition, and the initial condition in addition to the sensor data, whereas the data-only network sees
the sensor data alone. This asymmetry is the object of the comparison: it quantifies the value of the known physics
for this benchmark. From sixteen scattered sensors a data-only network must extrapolate a 192-by-192 field from
severely underdetermined information, and its error concentrates off-sensor (relative errors near 0.64 at the final
frame), whereas the physics terms propagate information through the domain and, together with the sensor data,
make both the field and the three parameters identifiable.
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Figure 3: Controlled reconstruction comparison using the same sixteen sensors and 5424 noisy observations. Training time is
intentionally excluded from the performance analysis.

This comparison is specific to one benchmark and is not a universal ranking: classical regularized optimization can
be highly competitive when the forward model is reliable, and operator-learning surrogates may be preferable when
many parameterized queries are available. The supported claim is narrower: for the present sparse moving-source
problem, the physics constraints prevent the severe off-sensor degradation observed in the two data-only baselines.
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Table 3: Reconstruction comparison on the common benchmark.

Method Mean RMSE Mean MAE Global L2 Final RMSE Parameters

PINN 0.003518 0.002420 0.028689 0.002507 78,980
Data-only neural network 0.088679 0.060161 0.714344 0.117861 78,977
Spatiotemporal interpolation 0.079173 0.048275 0.677735 0.119443 0

4.3 Sensitivity and loss-weight analysis

The sensitivity campaign adds 21 PINN trainings: three sensor counts, three temporal strides, four noise levels, and
eleven loss-weight configurations; Figure 4 summarizes these controlled perturbations. Every case uses seed 3701
and one run, so each comparison changes only the selected factor. These runs are diagnostic one-factor-at-a-time
tests, not estimates of means, variances, or statistical significance, and wall-clock time is excluded.
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Figure 4: Single-run controlled sensitivity of EL2 . Panels vary (a) sensor count, (b) temporal samples per sensor, (c) noise standard
deviation, and (d) one loss weight at a time. “Nom.” denotes the ordered vector (wd, w f , wb, w0, wp) = (50, 1, 10, 10, 10−4).

Spatial coverage has the clearest effect. With eight sensors, EL2 rises to 0.1998 and the relative errors in
(α, γ, β) are (76.03, 70.20, 36.79)%. With sixteen sensors, the corresponding values are 0.0405 and (3.38, 21.84, 6.81)%.
Increasing the count to 32 leaves the field error nearly unchanged at 0.0418, but improves the parameter errors to
(2.11, 7.26, 2.23)%. Additional spatial coverage therefore improves coefficient observability even after field accuracy
has nearly saturated.

Temporal subsampling is less damaging over the tested range. The cases with 170, 339, and 676 samples per sensor
give EL2 values of 0.0315, 0.0405, and 0.0474. This nonmonotonic order does not mean that fewer measurements
are inherently better. It shows that fixed-budget, nonconvex training can respond to data density through changes
in effective loss balance and stochastic collocation. The noise sweep is likewise nonmonotonic: EL2 equals 0.1554,
0.0405, 0.1974, and 0.0338 for standard deviations of 0, 0.1%, 0.5%, and 1% of the peak field. These single-run values
are not evidence that noise improves the inverse problem. They instead reveal optimizer variability and motivate
repeated seeds, ensembles, or Bayesian uncertainty analysis [13].

The loss perturbations confirm the need for balance. Doubling wd or halving w f raises EL2 to 0.1737 and 0.1983
because data fitting dominates without sufficient physics regularization. Doubling w f , wb, or w0 gives errors of 0.0339,
0.0344, and 0.0313. Removing the weak prior gives 0.0299, whereas increasing it tenfold gives 0.0719 and biases all
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three coefficients. The prior is therefore an early conditioning device, not a source of final physical information.
The nominal vector is a stable reference configuration, but these results favor future adaptive or gradient-balanced
weighting over any claim of universal optimality [10].

5 Discussion

The results show that the physics-informed formulation improves temperature-field reconstruction under sparse
sensing, while parameter recovery remains more sensitive to observability. The controlled comparison isolates
the contribution of the governing-equation and constraint terms, whereas the sensitivity analysis identifies spatial
coverage and loss balance as important factors affecting the inverse solution. These findings should be interpreted
within the scope of the synthetic benchmark and fixed-budget training protocol.

Table 2 shows relative errors below 8% for α and β, but 24.54% for γ. This difference is physically plausible.
Diffusivity and volumetric loss both affect temporal decay and spatial smoothing, making them difficult to separate
with sparse sensors; by contrast, source amplitude relates more directly to peak temperature. The result supports
accurate field reconstruction and partial coefficient recovery, while confirming that state and parameter errors must
be interpreted separately.

This comparison is specific to one benchmark and is not a universal ranking of inverse heat-transfer methods.
Classical regularized optimization can be highly competitive when the forward model is reliable and repeated solves
are affordable. Operator-learning surrogates may be preferable when many parameterized queries are available. The
supported claim is narrower: for the present sparse moving-source problem, the physics constraints prevent the
severe off-sensor degradation observed in the two data-only baselines.

5.1 Transfer to experimental measurements and limitations

The validation uses synthetic finite-difference data and therefore does not establish experimental deployment
performance. Real thermocouples, resistance sensors, and infrared cameras introduce calibration offsets, gain drift,
quantization, finite spatial footprints, temporal lag, missing samples, synchronization error, and sensor-position
uncertainty; infrared measurements additionally depend on emissivity, reflected ambient radiation, viewing angle,
and background conditions. These effects can exceed the independent additive Gaussian noise assumed here.

The zero initial field of Equation (6) is a property of the synthetic benchmark, not a limitation of the framework:
the initial-condition term of the loss accepts any prescribed field u0(x, y), and an unknown initial state could be
estimated jointly or supplied from a separate measurement. Transfer of the reported results to a real thermal
system therefore requires a known or measured initial field, a valid two-dimensional model form and boundary
representation, and a source model consistent with the actual heat input; under those conditions the identification
workflow applies unchanged, while the reported error levels remain specific to this benchmark.

Model discrepancy is equally important: experimental boundaries may exchange heat by convection or radiation
rather than satisfy a homogeneous Dirichlet condition, source position and intensity may be uncertain, material
properties may vary with temperature, and three-dimensional losses may invalidate a two-dimensional model. A
practical workflow should calibrate sensors independently, reserve spatially distinct sensors and time intervals for
validation, use robust or uncertainty-weighted data losses, and introduce trainable sensor offsets or gains when
justified; temporal and spatial convolution can represent finite sensor response, and uncertain boundary fluxes and
source trajectories can be inferred jointly. Ensemble or Bayesian PINNs can provide uncertainty intervals instead of a
single deterministic field [13]. Controlled tests on a plate instrumented with traceable contact sensors or a calibrated
infrared camera are required before claiming experimental superiority.

The study also has computational and inferential limitations: it uses one nominal run and one run per sensitivity
case, so optimizer variability is not quantified statistically; sensor locations are random rather than optimized, the
source form is assumed known, and the parameter prior is centered on the initial guesses. The remaining bias in γ
indicates structural correlation between diffusion and dissipation. These limitations motivate repeated-seed studies,
optimal sensor placement, adaptive loss balancing, uncertainty quantification, hard boundary enforcement, and tests
with unknown source trajectories or spatially varying coefficients.

6 Conclusions

A sparse-sensor PINN was evaluated for transient two-dimensional inverse heat conduction with simultaneous
recovery of thermal diffusivity, volumetric heat loss, and source amplitude. With sixteen noisy sensors, the nominal
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run achieved a mean RMSE of 3.52 × 10−3 n.t.u. and EL2 = 2.87 × 10−2. The parameter errors were 5.04%, 24.54%,
and 7.90%, showing that accurate field recovery does not imply equal observability of every coefficient.

The controlled baselines show that governing physics, not network capacity alone, explains reconstruction quality:
mean RMSE decreases by more than 95% relative to both the matched data-only neural network and spatiotemporal
interpolation. The sensitivity study identifies insufficient spatial coverage and unbalanced loss weights as the most
consequential failure modes in the examined configuration. Its nonmonotonic temporal and noise results also
confirm that one fixed-budget run is not a statistical robustness assessment. Future work should combine repeated
seeds, adaptive loss weighting, optimized sensor placement, uncertainty quantification, and controlled experimental
measurements.

Code and data availability. The MATLAB R2026a source code for this work and the re-
sult tables used are available at https://la.mathworks.com/matlabcentral/fileexchange/
183734-sparse-sensor-pinn-reconstruction-and-identification.
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Abstract

Noise is often regarded as a source of instability and degraded performance in optical systems. In nonlinear dynamical systems,
this view is incomplete: fluctuations can reveal critical susceptibility, activate transitions among coexisting attractors, generate
rare extreme excursions, and enable probabilistic information processing. This review develops a unified narrative around
diode-pumped erbium-doped fiber lasers (EDFLs), a compact photonic platform in which multistability, bifurcations, attractor
hopping, prebifurcation noise amplification, rogue-wave generation, deterministic Brownian-like dynamics, symbolic diagnostics,
optical logic, and data-driven stochastic cloning have all been investigated. We first establish the EDFL as a class-B nonlinear
oscillator and review its reduced rate-equation description, emphasizing the roles of pump modulation, amplified spontaneous
emission, and basin geometry. We then examine noise-induced hopping among periodic attractors and the amplification of
fluctuations near saddle-node, period-doubling, and crisis bifurcations. These mechanisms lead naturally to extreme-event physics,
where filtered noise promotes rare visits to high-amplitude subharmonic states and produces non-Gaussian rogue-wave statistics.
A central methodological issue is the distinction between stochastic forcing and deterministic dynamics that exhibit Brownian-like
or pink-noise-like statistics. We discuss deterministic Brownian motion and ordinal-pattern methods as complementary diagnostic
tools. Finally, we review how noise-controlled state occupation can be used for optical logic and how reservoir computing
differentiates strong trajectory cloning from weak statistical cloning in partially observed stochastic systems. The main conclusion
is that noise in a multistable EDFL is simultaneously a perturbation, a probe of hidden dynamical structure, and a controllable
resource for photonic information processing.

Keywords— erbium-doped fiber laser; nonlinear dynamics; multistability; noise-induced intermittency; bifurcation; rogue
waves; reservoir computing; optical logic gates

1 Introduction

Noise is commonly associated with uncertainty, limited reproducibility, and reduced signal quality. This association
is justified in many practical systems, but nonlinear dynamics provides a more nuanced picture. In the presence
of multiple stable attractors, noise can induce transitions between qualitatively distinct states; near a bifurcation,
it can be strongly amplified; and in metastable regimes, it can make rare high-amplitude excursions observable.
Consequently, the effect of noise is determined not only by its variance or amplitude but also by the geometry of the
deterministic phase space, the local stability of attractors, the location of basin boundaries, the distance to critical
transitions, and the temporal spectrum of the forcing [1, 2].

This broader perspective has been developed in many physical contexts. Noise-induced switching between
attractors, stochastic resonance, coherence resonance, critical amplification, and noise-induced intermittency show
that fluctuations can produce structured dynamical responses rather than merely featureless disturbances [3, 4, 5,
6]. The challenge is to identify the deterministic mechanism through which noise is transformed into a measurable
response. A particularly effective strategy is to use a physical system that is simultaneously nonlinear, experimentally
controllable, and sufficiently well modeled to connect observations with state-space dynamics.

Lasers fulfill these criteria. Their dynamics may include locking, period doubling, quasiperiodicity, chaotic
oscillations, synchronization, and coexistence of multiple attractors. The experimental discovery of subharmonic
bifurcations, multistability, and turbulence in a Q-switched gas laser provided an early demonstration that lasers are
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useful laboratories for nonlinear dynamics [7]. Fiber lasers are especially attractive because they are compact, efficient,
compatible with fiber-optic components, and relevant to communications, sensing, reflectometry, medicine, and
metrology [8, 9]. Erbium-doped fiber lasers, in particular, operate in the technologically important telecommunications
region and possess a rich interplay between gain, loss, population inversion, cavity feedback, spontaneous emission,
and external pump modulation.

The present review focuses on a connected body of work involving diode-pumped EDFLs subjected to harmonic
pump modulation and externally added noise. The sequence begins with experimental evidence that noise can
cause hopping among coexisting periodic attractors [10]. It then shows that fluctuations are amplified as the laser
approaches saddle-node, period-doubling, and crisis bifurcations [11]. These observations lead to extreme-event
physics: low-pass-filtered perturbations can trigger rare high-amplitude periodic excursions whose peak-intensity
statistics satisfy a rogue-wave criterion [12]. The ensuing analysis of multistate intermittency demonstrates that
the amplitude and cutoff frequency of the injected noise regulate which periodic states are visited and how likely
extreme pulses become [13].

A complementary step is to determine whether forcing merely changes the state reached from a given preparation
or actually removes competing attractors. Numerical basin mapping addresses this distinction: harmonic control
can eliminate selected attractors together with their basins, whereas weak random forcing changes the statistical
distribution of initial conditions assigned to each surviving state [14]. Building on earlier attractor-annihilation
theory and EDFL experiments [15, 16], this basin-resolved perspective connects observed switching to the control of
the underlying phase-space organization.

The review also addresses an essential inferential problem. An irregular time series may be caused by external
stochastic forcing, deterministic chaos, hidden variables, or a mixture of all three. Therefore, the study of noisy lasers
requires methods capable of detecting deterministic constraints even when standard statistics appear stochastic.

Finally, this body of research has moved from characterization toward function. Noise-controlled multistability
can serve as a basis for optical logic, where individual periodic laser states encode logical operations [17]. Reservoir
computing further provides a framework for determining whether a noisy, partially observed system can be predicted
trajectory by trajectory or only statistically cloned [18]. This work reviews the importance of noise in nonlinear
dynamical systems, using the erbium-doped fiber laser as a natural and exceptionally useful example. The EDFL
is compelling because it concentrates, within a compact photonic cavity, the central themes of complex dynamics:
bifurcations, multistability, stochastic activation, intermittency, extreme events, hidden variables, and information
processing. Understanding how noise reshapes its dynamics makes it possible not only to explain rare optical events,
but also to transform fluctuations into a controllable resource for sensing, computation, and statistical prediction.

2 Conceptual Background: Multistability, Noise, and Criticality

2.1 Multistability and basin structure

A multistable system possesses more than one attractor for the same set of control parameters. The asymptotic state
reached by a trajectory therefore depends on its initial condition. The collection of initial conditions converging to an
attractor defines its basin of attraction. Basin boundaries can be smooth or fractal, and their geometry can strongly
influence sensitivity to perturbations [2]. In experimental systems, multistability is often detected by varying initial
conditions, scanning control parameters in opposite directions, or repeatedly resetting the system.

The importance of multistability is twofold. From a fundamental perspective, it creates a state-space organization
in which different long-term behaviors coexist. From an applied perspective, it offers a set of possible dynamical
states that can represent memory, logic levels, operating modes, or encoded information. However, it also creates
ambiguity: small perturbations may redirect the system to an undesired attractor. Noise-induced hopping is precisely
the process through which fluctuations exploit this sensitivity.

In a simplified potential analogy, different stable attractors can be represented as wells separated by barriers.
This analogy is useful for intuition but incomplete in non-gradient, driven, and chaotic systems. In such systems,
switching may involve unstable periodic orbits, chaotic saddles, riddled or fractal basin boundaries, and transient
channels rather than thermal activation over a static energy barrier [1, 2]. The EDFL studies reviewed below are
important because they provide experimentally accessible examples of multistate hopping in a nonequilibrium
optical oscillator.
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2.2 Noise-induced transitions and intermittency

Noise-induced switching occurs when a perturbation displaces a trajectory from one basin into another. The resulting
time series may alternate between discrete dynamical regimes, producing intermittency. In a two-state system,
the key observables are switching probabilities, residence times, transition rates, and the stationary occupation
distribution. In a multistate system, the dynamics can be represented by a transition matrix, symbolic sequence, or
state network. The number of accessible states may itself depend on noise amplitude and spectrum.

The interplay between deterministic and random structure can be quantified using entropy measures. If a
symbolic sequence contains a single repeated state, its Shannon entropy vanishes. When several states occur with
comparable probability, the entropy increases. Entropy alone does not identify the underlying mechanism, but
in a controlled experiment it provides a compact descriptor of the complexity of the state sequence [10]. Such
coarse-grained representations are especially useful when the underlying intensity signal contains fast oscillations
while the relevant physical question concerns the order and probability of visits to attractors.

2.3 Bifurcations and critical susceptibility

A bifurcation is a qualitative change in the set or stability of solutions caused by variation of a control parameter. In
the EDFL literature considered here, saddle-node bifurcations create or destroy periodic attractors, period-doubling
transitions change temporal periodicity, and crises reorganize chaotic or attracting sets [11]. Close to a bifurcation,
restoring stability weakens and the response to perturbations may become large. This is the basis of prebifurcation
noise amplification.

Theoretical studies of noisy bifurcations have shown that small perturbations can be amplified near critical points
and that the response depends on both deterministic normal forms and noise properties [3, 4]. In applications, this
observation motivates early-warning indicators. However, an increase in variance, autocorrelation, or spectral power
should not be interpreted as a universal predictor without system-specific validation. Measurement noise, slow
parameter drift, nonstationarity, and changes in forcing can imitate critical signals. The EDFL platform is valuable
because the control parameter can be scanned reproducibly and the noise input can be adjusted deliberately.

3 Erbium-Doped Fiber Lasers as a Platform for Nonlinear Dynamics

3.1 Physical architecture and technological relevance

An EDFL is based on an optical fiber whose core contains erbium ions. Optical pumping raises ions to an excited
manifold, and stimulated emission near the 1.5-µm region supports laser action. Fiber Bragg gratings, mirrors,
couplers, wavelength-division multiplexers, isolators, and photodetectors can be incorporated into a compact cavity
and measurement chain. Rare-earth-doped fiber lasers offer high gain, single-mode operation, robust beam guidance,
and compatibility with telecommunication components [8, 9].

The Fig 1, shows the EDFL configuration used in the 2009 prebifurcation study consisted of a 1560-nm fiber laser
with a 3.51-m Fabry–Pérot cavity formed by an 82-cm heavily doped erbium fiber, a Faraday rotating mirror, and
a fiber Bragg grating. The cavity was pumped by a 977-nm diode. A wavelength-division multiplexer guided the
output to a photodetector, oscilloscope, and Fourier spectrum analyzer [11]. The Faraday rotating mirror was used to
reduce polarization-mode-beating effects that could add unwanted complexity. These experimental details matter
because they identify the physical source of the observed dynamics and delimit the model’s intended regime.

3.2 EDFL Dynamical Model

The pump-modulated erbium-doped fiber laser is described as a class-B laser. Since polarization relaxes much
faster than the optical field and the population inversion, its dynamics can be reduced to two coupled equations for
the intracavity power Pg(t) and the normalized upper-level population y(t). The model includes gain saturation,
ground-state absorption, excited-state absorption, cooperative upconversion, amplified spontaneous emission (ASE),
and periodic and stochastic pump forcing [11].

The intracavity power obeys
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Figure 1: Experimental EDFL setup, [11].

dPg

dt
=

2L0

Tr

[
Pg {γα0 [(τ − ξ)y − 1]− αl}

+ 2γα0(τ − 1)y
∆λg

∆λEr
K(y) exp(−Lαl)

]
, (1)

where the first contribution represents the net balance between optical gain and cavity losses, while the second
term accounts for ASE seeding of the laser mode.

The upper-level population evolves as

dy
dt

= −γα0N0Sa

hνg
Pg(τy − 1)− y

τ0
+

4 [K′(y)− 1] γα0(τ − 1)
τ0∆λErN0Sa

− y2

τ1
+

[1 − exp (−εα0L0(1 − y))] Sp

N0L0hνp
Pp [1 + A sin(2π fmt) + nζ] . (2)

The terms in Eq. (2) describe, respectively, stimulated transitions, spontaneous relaxation of isolated Er3+ ions,
ASE-related population depletion, cooperative upconversion in excited ion pairs, and pump absorption. The final
factor contains harmonic modulation of amplitude A and frequency fm, together with externally applied noise of
amplitude n; ζ represents the random sequence.

The ASE coefficients averaged over the active fiber are

K(y) =
exp [L0γα0 ((τ − ξ)y − 1)]− 1

L0γα0 ((τ − ξ)y − 1)
, (3)

K′(y) =
exp [L0γα′0 ((τ

′ − ξ ′)y − 1)]− 1
L0γα′0 ((τ

′ − ξ ′)y − 1)
. (4)

For simplicity, the model assumes

τ′ = τ, ξ ′ = ξ, γ′ = γ. (5)

The main definitions are
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α0 = N0σGSA, τ = 1 +
σe

σGSA
, ξ =

σESA

σGSA
, (6)

γ = 1 − exp
(
− Sa

Sw

)
, Sa = πa2, Sw =

πw2
0

2
, (7)

Tr =
2n0L

c
, L = L0 + l0, αl = α − ln(R1R2)

2L
. (8)

Here, N0 is the erbium-ion concentration, σGSA, σe, and σESA are the ground-state absorption, emission, and
excited-state absorption cross sections, respectively. The quantities τ0 and τ1 are the relaxation times of isolated ions
and excited ion pairs. The parameters L0, l0, and L define the active, passive, and total cavity lengths, whereas R1
and R2 are the cavity reflectivities.

Including ASE is essential in this model because it permits agreement between simulations and the experimentally
measured relaxation oscillation frequency, close to 30 kHz for the operating conditions reported in [11], and its
references.

The model contains physically meaningful parameters: photon round-trip time, small-signal absorption, threshold
losses, erbium-ion lifetime, overlap between the guided mode and doped core, absorption and stimulated-emission
cross sections, and pump absorption. Its strength is that the same basic equations can reproduce experimentally
observed relaxation oscillations, periodic locking, multistability, and responses to modulation. Its limitation is that it
represents a reduced effective description: spatial, polarization, longitudinal-mode, thermal, and technical noise
degrees of freedom may not be fully resolved. The laser parameters for equations 1 and 2, are as the next Table 1:

Table 1: Parameters used in the numerical simulations of the pump-modulated erbium-doped fiber laser (EDFL). Values are
reproduced from Table I of Huerta-Cuellar et al. [11].

Symbol Description Value Units

λg Laser-generation wavelength 1560 nm
λp Pump wavelength 977 nm
hνp Pump-photon energy 2.037 × 10−19 J
α0 Small-signal absorption coefficient at λg 0.06 cm−1

N0 Er3+ ion concentration 2.4 × 1019 cm−3

σGSA Ground-state absorption cross section 2.48 × 10−21 cm2

σe Emission cross section 2.25 × 10−21 cm2

τ0 Lifetime of an isolated excited Er3+ ion 10 ms
τ1 Effective relaxation time of excited Er3+–Er3+ pair clusters 0.71 ms
∆λg Er3+ generation bandwidth 25 nm
∆λEr Er3+ emission-band width 103 nm
w0 Guided fundamental-mode radius 3.5 µm
a Erbium-doped fiber-core radius 2.7 µm
L0 Active erbium-fiber length 0.82 m
L Total cavity length 3.51 m
l0 Total length of passive intracavity fiber components 2.61 m
R1 Faraday rotating mirror reflectivity 1.00 –
R2 Fiber Bragg grating reflectivity 0.91 –
ε Ratio of pump absorption coefficients at λp and λg 0.7 –
ξ Ratio of excited-state to ground-state absorption cross sections 0.24 –
η Ratio of generation to spontaneous-emission bandwidths 2 –
n0 Refractive index of the fiber core 1.46 –

Note. The parameter names follow the physical definitions given in the model description of Huerta-Cuellar et al. [11]. Verify the symbols
against the notation ultimately adopted in the review, since different EDFL articles sometimes use equivalent coefficients with different
symbols.
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Table 2: Periodic states and their roles in the EDFL narrative.

State Spectral/dynamical interpreta-
tion

Role in the reviewed studies

P1 Fundamental response, domi-
nant frequency near fm

Baseline attractor; one endpoint of hopping; associ-
ated with OR in the logic proposal

P3 Period-three subharmonic re-
sponse, near fm/3

Coexisting attractor; first state often involved in hop-
ping; associated with AND

P4 Period-four subharmonic re-
sponse, near fm/4

Large-amplitude state; rare occupation can generate
rogue-wave-like events; associated with NOR

P5 Period-five subharmonic re-
sponse, near fm/5

Appears in extended multistate intermittency; associ-
ated with NAND

The pump can be harmonically modulated as

Pp(t) = p [1 − m sin(2π fmt)] , (9)

where p denotes the pump level in the absence of modulation, m is modulation depth, and fm is the driving frequency.
Under this forcing, the EDFL can support a fundamental period-one response P1 as well as subharmonic periodic
responses P3, P4, and P5. The latter have dominant frequencies near fm/3, fm/4, and fm/5, respectively [13, 17].

The numerical bifurcation diagrams, Figure 2 in the 2012 and 2024 studies show parameter regions in which
several of these orbits coexist. Basin calculations at fixed modulation frequency reveal that increasing modulation
depth changes their relative basin volumes: subharmonic attractors emerge and expand while the relative basin of P1
may shrink [13]. This provides a direct dynamical interpretation of why externally injected noise can change the
observed state distribution without changing the nominal deterministic control parameters.

Figure 2: Bifurcation diagram [17].
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4 Experimental Characterization of Hopping Dynamics in a Multistable Fiber
Laser

The 2008 study Experimental characterization of hopping dynamics in a multistable fiber laser provides the experimental
foundation of the review [10]. The central question was how external noise changes the dynamics of a fiber laser
operating in a multistable region. At a low noise amplitude, the laser remains on a periodic attractor selected
by initial conditions. As the noise increases, the system begins to switch between coexisting periodic states. The
observed dynamics progresses from P3–P1 hopping to regimes involving P4 and ultimately P5.

4.1 From state persistence to multistate hopping

At low noise, the experiment showed coexistence of periodic attractors whose characteristic power spectra contained
distinct subharmonic components. The system remained in the chosen attractor for arbitrarily long observation
times within the experimental window, apart from noisy fluctuations around the periodic orbit. When input noise
exceeded a threshold, the laser jumped between P3 and P1. At larger amplitudes, three and four periodic states
participated in the intermittent dynamics [10].

The appearance of P5 only at a sufficiently large noise amplitude is particularly informative. It raises the
possibility that a state with a small basin is inaccessible in practice without perturbation, or that noise reorganizes
the effective dynamics so that a new periodic state becomes observable. The authors appropriately state that the
experiment cannot fully distinguish these possibilities because all initial conditions cannot be varied exhaustively.
This caution illustrates a recurring challenge in experimental multistability: observed state sets can depend on finite
sampling, preparation protocol, and noise level.

4.2 Noise transfer and saturation-like behavior

The relation between input noise Nin and output spectral noise Nout was measured for individual periodic states and
for hopping regimes. For isolated P1, P3, and P4 attractors, the output spectral component was approximately linear
in the input amplitude, with larger slopes for higher-period orbits. In contrast, once the laser began hopping among
states, the output-noise dependence became much weaker. Figuer 3, shows the reported P3–P1–P4–P5 hopping
regime, the effective slope was substantially smaller than the slope associated with the isolated periodic states [10].

This behavior was described as a noise-saturation effect. Its exact physical mechanism remained unresolved,
but the proposed interpretation was that input-noise energy may be redistributed over an increasing number of
transitions and states. That interpretation is plausible but should be treated as a hypothesis rather than a settled
mechanism. A future experiment could test it by measuring state-resolved spectra, transition-conditioned fluctuations,
and the dependence of output power on dwell time in each attractor.

Figure 3: Four attractors interacting in hopping regime, [10].

4.3 Occupation probabilities, entropy, and residence times

The probability of visiting a periodic state is a key observable in noise-driven multistability. In the 2008 experiment,
the probability of visiting P3 decayed exponentially with noise amplitude in the hopping regime, whereas the
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probability of P1 increased. The crossover in state probabilities coincided with a change in the output-noise curve,
suggesting that occupation redistribution and noise transfer are linked [10, 13].

The authors encoded the sequence of attractor visits symbolically and computed a Shannon entropy rate. A
purely periodic regime yields zero entropy because only one symbol appears. The entropy rose when new states
entered the dynamics, then remained approximately constant inside a multistate region. Residence-time statistics
also displayed scaling behavior, including a reported −3/2 power-law feature for a distribution associated with
period-one windows in a two-state intermittent regime [10]. These results establish that the relevant dynamics are
not captured by amplitude statistics alone: state sequencing and temporal organization matter.

4.4 Connection with general multistable dynamics

The EDFL experiment is consistent with prior observations of noise-induced attractor hopping in multistable systems
[1]. More generally, multistability has been identified as an organizing principle in physical, biological, and cognitive
systems [2, 19]. The laser contribution is distinctive because the attractors are optical periodic states with well-defined
spectral signatures and the noise input can be electronically controlled. This makes the EDFL a promising system for
controlled studies of multistate transition networks.

5 Prebifurcation Noise Amplification in a Fiber Laser

The 2009 study Prebifurcation noise amplification in a fiber laser investigated how intrinsic and externally added noise
behave near critical transitions [11]. The work combined experiment and numerical modeling to address a basic
question: can the approach to bifurcation be detected through enhanced fluctuations in an EDFL?

5.1 Bifurcation structure and experimental protocol

The experimental bifurcation diagram was constructed by scanning modulation frequency while recording the
peak-to-peak laser intensity. Initial conditions were varied by switching the signal generator on and off and by
scanning the modulation frequency in opposite directions. The resulting diagram displayed periodic states and
chaotic regions, including P3, P4, and P5 branches born and destroyed through saddle-node bifurcations. Crisis and
inverse period-doubling transitions were also identified [11].

This protocol illustrates an important experimental principle: detecting multistability requires intentional
perturbation or resetting. A standard one-direction parameter scan may miss coexisting branches. The EDFL
therefore serves not only as a source of complex behavior but also as a controlled system in which state preparation
can be incorporated into the measurement design.

5.2 Experimental evidence of amplification

The spectral noise density at the modulation frequency was measured as the modulation frequency approached
critical points. For both intrinsic laser noise and externally added noise, the noise floor rose near saddle-node,
period-doubling, and crisis bifurcations. The closer the operating point was to a critical transition, the stronger the
amplification. In the reported data, noise near saddle-node and crisis points could increase by approximately 30 dB,
i.e., by about three orders of magnitude in amplitude [11].

The amplification was most pronounced at the corresponding subharmonic frequency of each periodic state. This
reflects the dynamical selectivity of the laser: fluctuations are not amplified uniformly at all frequencies but most
strongly in the channels associated with the approaching periodic instability. Near a period-doubling bifurcation,
amplification was stronger for smaller input-noise levels, consistent with earlier work on small-signal amplification
near bifurcations [4].

5.3 Theoretical interpretation and wider context

Numerical simulations using the EDFL model reproduced the experimental rise in spectral noise near saddle-node
bifurcations. The fact that the same model also reproduced the relaxation-frequency dependence strengthened the
interpretation that the observed effect originates in nonlinear EDFL dynamics rather than in frequency-dependent
noise generation by the pump source [11]. Fig. 4 shows an experimental and theoretical comparative of the noise
amplification obtained for frequency modulation variation.
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Figure 4: Experimental power spectrum analysis (left) and theoretical (right) comparison of the noise amplification obtained for
frequency modulation variation, [11].

The general idea of critical amplification has relevance beyond lasers. Noise growth near bifurcations can be
related to critical slowing down, reduced restoring forces, and increased susceptibility. Such behavior has been
discussed in nonlinear optical systems, climate variability, population dynamics, and excitable systems [3, 5]. Yet,
early-warning applications must be formulated carefully. A fluctuation increase can signal an approaching bifurcation
only if the relevant control parameter, forcing statistics, and measurement chain are sufficiently stable. The EDFL
provides a valuable testbed for determining which indicators remain reliable under controlled but realistic noise
conditions.

6 Control of basins of attraction in a multistable fiber laser

The article Control of basins of attraction in a multistable fiber laser adds a global phase-space perspective to the preceding
studies of hopping and critical amplification. Rather than asking only which periodic responses appear in a measured
trace, Pisarchik and Jaimes-Reategui [14] investigate how their basins change under deterministic and stochastic
pump perturbations. The distinction is important: failure to observe an attractor does not establish its destruction,
because its basin may be small or inaccessible to the experimental preparation protocol. The new evidence in this
study is numerical basin mapping; its agreement with earlier experimental results on harmonic control supports, but
should not be confused with, direct experimental measurement of the basins.

6.1 Physical model and connection to earlier control studies

The study builds on the proposal that slow parameter modulation can remove an unwanted attractor through a
boundary crisis, rather than simply transfer a trajectory to another state [15]. In an EDFL experiment, additional
weak harmonic modulation had already been shown to eliminate one or two stable limit cycles, with the outcome
depending on the control frequency and amplitude [16]. These two precedents are references 13 and 26, respectively,
in the basin-control article. The subsequent basin calculations examine the phase-space organization behind that
experimentally observed selection.

The numerical description uses two rate equations for the intracavity radiation variable P and the longitudinally
averaged upper-level population N, derived from an erbium-level scheme that includes excited-state absorption and
spontaneous emission into the fundamental laser mode, as shown in Figure 5 [14]. Its modeling antecedent, reference
27 of that article, connected pump-modulated EDFL dynamics with coexisting periodic and chaotic responses through
experimental and theoretical bifurcation diagrams [20]. Importantly, the basin-control model explicitly excludes
mechanisms for autonomous self-pulsing; its periodic responses are generated through pump modulation [14]. It
should therefore not be treated as an interchangeable transcription of the more elaborate model used in the separate
2009 prebifurcation study.

In the article’s normalization, the unmodulated pump parameter is p = 7.4 × 1019 s−1, and the relaxation-
oscillation frequency is approximately 30 kHz. The principal basin calculations use driving frequency fd = 70.2 kHz
and modulation depth md = 0.8, where the responses P1, P3, and P4 coexist [14]. These values specify a particular
operating point, not universal thresholds for EDFLs. In particular, the pump parameter expressed in s−1 should not
be inserted as a power in watts into a differently normalized model.
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Figure 5: Energy Erbium diagram, [14].

6.2 Harmonic control and destruction of competing basins

The control protocol introduces a second sinusoidal signal into the depth of the principal pump modulation. Using
the notation of the source, the resulting pump is

Pp(t) = p
{

1 −
[
m0

d − mc sin(2π fct)
]

sin(2π fdt)
}

, (10)

where m0
d is the baseline modulation depth and mc and fc are the amplitude and frequency of the control signal [14,

Eq. 6]. Thus, the control modulates the driving amplitude rather than merely adding a second independent pump
tone. This distinction matters when reproducing the excitation electronically or numerically.

As the control is increased, the driven responses change their extent and structure in phase space. The authors
interpret attractor annihilation through the development of a two-frequency response, possible further bifurcations,
and eventual collision with a basin boundary. Control-frequency dependence is pronounced: the smallest amplitudes
required for annihilation occur below the relevant resonance frequency, consistent with a nonlinear rather than
purely linear response [14]. The earlier theoretical work provides the underlying boundary-crisis interpretation,
while the EDFL basin maps make the associated loss of accessible initial conditions explicit [15, 14].

Two reported parameter sets illustrate the outcome. At mc = 0.128 and fc = 2.6 kHz, the P4 attractor and
its basin disappear while P1 and P3 remain. At mc = 0.38 and fc = 2.8 kHz, both higher-period responses are
removed, leaving P1 throughout the sampled initial-condition domain [14, Fig. 6(c, d)]. The significance of these
maps is that selection is not demonstrated only for one trajectory: many initial conditions are tested after applying
control. Nevertheless, finite numerical basin sampling does not constitute an exhaustive mathematical proof over an
unbounded phase space.

6.3 Weak noise and probabilistic basin assignment

The stochastic protocol is different from the harmonic control above. The pump is written as

Pp(t) = p [1 − md sin(2π fdt) + ηζ(t)] , (11)

where η controls the perturbation amplitude and the numerical random variable satisfies ζ ∈ [−1, 1] [14, Eq. 7].
The source describes this forcing as white noise. A reproduction should preserve its implemented sampling and
bandwidth rather than silently substitute a Gaussian Wiener increment, whose normalization would require an
additional specification.

The authors focus on weak forcing, described as η < 0.1, for which sustained intermittency is not observed under
their simulation conditions; their statistical illustration also includes the boundary value η = 0.1 [14]. In this regime,
noise can redirect a transient toward a different final periodic response without producing repeated hopping after
that response is reached. Consequently, the object being measured is the distribution of outcomes across repeated
preparations, not the residence-time distribution along a single intermittent trajectory.
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Table 3: Distinct control outcomes in the basin study. Conditions and results are taken from Pisarchik and Jaimes-Reategui [14];
the baseline is m0

d = 0.8 and fd = 70.2 kHz.

Protocol Reported condition Outcome and evidential scope

No additional control mc = 0, η = 0 Coexisting P1, P3, and P4 with distinct basins.
Harmonic control mc = 0.128, fc = 2.6 kHz P4 and its basin disappear in the numerical map.
Harmonic control mc = 0.38, fc = 2.8 kHz Only P1 remains in the sampled domain.
Weak stochastic forcing Low-noise regime described by

η < 0.1
Outcome distributions change across repeated
preparations without sustained hopping in the
reported regime.

For each noise amplitude, the basin calculation is repeated 100 times over the initial-condition region shown
in the source’s Fig. 6. Each repetition yields a count of points assigned to each periodic state, and the resulting
ensemble defines a distribution of basin-point counts [14, Fig. 7]. The method can be summarized, using notation
introduced here for clarity, as

B(r)
i (η) =

M

∑
j=1

1
{
Cr
(
x0,j; η

)
= i

}
, i ∈ {1, 3, 4}, (12)

where M is the number of sampled initial conditions, r indexes a repeated noisy basin calculation, and Cr denotes
classification after the transient. Equation (12) restates the counting protocol; it is not an additional laser evolution
equation or a fitted result. For a fixed uniformly sampled domain, B(r)

i /M is a sampled basin fraction, whose
numerical value depends on the domain and classification protocol.

6.4 Statistical findings and limits of the resonance interpretation

The distributions change systematically with noise amplitude. Their most probable basin-point counts generally
increase for P1 and P3 and decrease for P4, approximately linearly over the explored range [14]. At the same time,
the probabilities associated with particular counts vary nonmonotonically. For example, at η = 0.1 the paper reports
a probability of approximately 30% for a P1 count near 1.3 × 103, compared with approximately 10% for a count
near 1.9 × 103 [14]. These are probabilities of obtaining specified counts across repeated basin maps; they are not
probabilities that a single laser trace spends 30% or 10% of its time in P1.

The authors describe maxima and minima in the probability distributions as resonance-like and suggest a possible
connection with stochastic resonance [14]. This wording should remain qualified. Their reported evidence concerns
the statistics of basin assignment, rather than a demonstrated optimum in signal-to-noise ratio or a measured
matching of transition times to a periodic signal. Accordingly, the result establishes nonmonotonic statistical
sensitivity to noise, while a specific stochastic-resonance mechanism would require further diagnostics.

6.5 Connection to extreme events and information processing

This study provides a useful distinction between three operations: removing a competing attractor, biasing the
response selected after a transient, and sustaining transitions among surviving states. Harmonic annihilation
concerns the first; the weak-noise basin analysis concerns the second; the hopping and multistate-intermittency
studies concern the third [14, 10, 13]. A change in output-state statistics should therefore not automatically be
interpreted as attractor destruction.

The same distinction clarifies the transition to extreme-event physics. The presence of a high-amplitude branch
and the accessibility of its basin help organize possible excursions, but the 2009 basin study does not itself establish
rogue-wave statistics; that evidence belongs to the subsequent extreme-pulse studies [12, 13]. Likewise, probabilistic
basin selection provides a conceptual precursor to state-selective optical logic, not a demonstration of a working logic
gate [17]. For future devices, the combined results suggest comparing the reliability of deterministic elimination
of unwanted states with deliberate probabilistic selection, while measuring reset dependence, switching latency,
and output errors. This last comparison is a research direction motivated by the reviewed results rather than a
performance claim made by the basin-control article. Figure 6 shows four stages, from all present attractors to the
annihilation of the less probable ones, in the system controlled on the P1 attractor.
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Figure 6: Annihilation of P3 and P4 attractors, [14].

7 Rogue Waves in a Multistable System

7.1 Extreme events in optics

The term “rogue wave” refers to a rare event of exceptional amplitude whose probability is much larger than
expected from a simple Gaussian background model. The concept originates in ocean-wave science but has become
important in optics after the observation of extreme pulses in nonlinear fiber systems [21]. In optical contexts,
several mechanisms may generate extreme events, including modulation instability, nonlinear focusing, soliton
interactions, chaotic dynamics, and state switching. The EDFL work reviewed here identifies a mechanism centered
on multistability and noise-induced transitions [12].

7.2 Rare excursions to high-amplitude periodic states

In Rogue Waves in a Multistable System, the EDFL was operated in a region where P1, P3, and P4 coexist. The pump
current received both harmonic modulation and low-pass-filtered noise. A rare event was observed when the laser
left the ordinary P1 response and briefly entered the large-amplitude P4 state for several periods before returning to
P1. The average time between events was reported to be about 30 s under the explored conditions [12].

This observation provides a physically specific interpretation of a rogue pulse. The event is not an isolated
amplitude fluctuation around a single attractor; it is a transient visit to a different, coexisting dynamical regime.
Such a mechanism makes the event probability controllable through the noise parameters and the underlying basin
geometry. It also implies that a large-amplitude event can have a recognizable precursor in terms of state-space
movement, even if that precursor is difficult to infer from a scalar intensity measurement alone.

7.3 Statistical evidence and non-Gaussian tails

The rogue-wave interpretation was supported by probability density functions of peak intensity. The large peaks
appeared far more often than expected under Gaussian statistics, producing a heavy-tail signature [12], Fig. 7. This
statistical criterion is essential because visual inspection alone cannot establish whether a high pulse is genuinely
anomalous relative to the background distribution.

In numerical simulations, the probability of a calculated period-four rogue event was very small, and the
probability maps in noise-amplitude–cutoff-frequency space showed that high-amplitude states became more likely
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as the noise cutoff approached the relaxation frequency. The experimental and numerical results thus agree on the
key point: extreme events emerge from an interplay between stochastic modulation and deterministic nonlinear
multistability.

Figure 7: Non-Gaussian heavy-tail rogue-wave signature in numerical results, [12].

7.4 Relation to other rogue-wave mechanisms

The EDFL mechanism should be placed in the broader rogue-wave literature without conflating distinct processes. In
ocean models, nonlinear wave interactions and modulation instability can create large transient waves [22, 23]. In
optical-fiber experiments, nonlinear propagation and soliton dynamics can produce extreme pulses [21]. In the EDFL
case, the central mechanism is noise-assisted switching among coexisting attractors. These mechanisms may share
statistical signatures but differ in their dynamical origin. A major contribution of the EDFL studies is to show that
multistability provides a concrete route to heavy-tailed pulse statistics.

8 Multistate Intermittency and Extreme Pulses in a Fiber Laser

The 2012 article Multistate intermittency and extreme pulses in a fiber laser extended the rogue-wave study by examining
how the amplitude and spectral content of noise regulate the occupancy of periodic states [13]. The work is central to
the present review because it converts the qualitative claim that “noise matters” into a parameter-dependent control
map.

8.1 Stochastic modulation

The pump modulation was represented as

Pp(t) = p [1 − md sin(2π fdt) + ηG(ζ, fn)] , (13)

where η is the noise amplitude, G is a zero-mean random function, ζ denotes the random input, and fn is the
low-pass cutoff frequency. White noise was filtered with a discrete low-pass Butterworth filter. This formulation
emphasizes that the perturbation has at least two physically distinct controls: intensity and bandwidth.

For small noise amplitude, the initially selected P1 attractor remained stable while other attractors could coexist.
For larger amplitude, the laser entered intermittent regimes. Depending on the noise parameters, it switched between
P1 and P3, among P1, P3, and P4, or among all four periodic states. The period-five response was notable because it
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appeared only in the intermittent regime under the explored conditions, indicating that noise can make otherwise
inaccessible or unstable dynamics observable [13].

8.2 Spectral selectivity of noise-induced switching

The major result is that the low-frequency content of noise controls access to high-amplitude subharmonic responses.
In the numerical analysis, P4 occurred only when the cutoff frequency was below 1 MHz and P5 only below 200
kHz. The boundaries of intermittency regimes had minima close to the relaxation frequency of the EDFL, around 30
kHz [13]. This reveals a resonance-like susceptibility: filtered noise is especially efficient when it contains temporal
components compatible with the laser’s intrinsic dynamics.

The result is conceptually important because it rejects a simple variance-based view of stochastic forcing. Two
noise signals with the same amplitude can have qualitatively different effects if their correlation time or spectral
content differs. In a nonlinear oscillator, the temporal organization of fluctuations can determine whether they merely
perturb a periodic orbit or drive the system across basin boundaries.

8.3 Extreme pulses as rare state occupation

The probabilities of P4 and P5 pulses increased as the cutoff frequency decreased, while the probability of P1
decreased. However, high amplitude alone does not define an extreme event. The authors stressed that such pulses
should be treated as extremes only within a region where their occurrence probability is low [13]. This is a rigorous
and useful distinction: changing noise parameters can turn a formerly rare event into a common state, at which
point it no longer represents a statistical extreme even though its amplitude remains large.

The paper therefore supplies a blueprint for extreme-event engineering. One can map the parameter region where
large pulses are both accessible and rare, then tune the noise spectrum to increase or suppress their probability. This
framework is potentially relevant to the design of rare-pulse sources, to the avoidance of dangerous excursions in
laser systems, and to the general study of extremes in multistable nonlinear systems.

9 Harnessing Multistability: A Novel Approach to Optical Logic Gate Con-
struction Using Erbium-Doped Fiber Lasers

The 2024 article Harnessing Multistability: A Novel Approach to Optical Logic Gate Construction Using Erbium-Doped Fiber
Lasers moves from analysis to application [17]. Its central proposal is to use noise-induced multistate intermittency as
a mechanism for selecting logical operations.

9.1 Dynamical logic and chaos computing

Dynamical systems can implement logic if distinct attractors or responses are assigned to output states. This idea has
been developed in chaos computing and nonlinear circuit research [24, 25, 26]. Systems with coexisting attractors are
attractive because they can support multiple functional states within one physical device. Logic gates and memory
elements have been demonstrated or proposed in nonlinear circuits, cavity magnonics, and optical systems [27, 28,
29].

The EDFL proposal differs from schemes based exclusively on deterministic digital forcing. Here, the laser’s
noise-controlled intermittent state determines which logic operation is active. The four coexisting periodic states are
associated with four logic functions: P1 with OR, P3 with AND, P4 with NOR, and P5 with NAND [17].

9.2 Noise-controlled probability balancing

The article uses the normalized EDFL model to locate a multistable region where P1, P3, P4, and P5 coexist near a
modulation frequency of 80 kHz. With low-pass-filtered noise, the laser undergoes a progression from a single state
to two-state, three-state, and four-state intermittency. The occurrence probability of each period was mapped over
noise intensity and filter-frequency parameters [17].

A critical design objective is to find regions in which the probabilities of the periodic states are comparable. If one
state dominates, then the corresponding logic operation would be selected disproportionately often. More balanced
occupation makes it possible to generate less biased state sequences and to use the local maxima of the laser signal
as a dynamical selector of logic operations 8. DFA was employed to identify correlated regimes and to characterize
the temporal organization of the intermittent signal [17, 30].
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Figure 8: Hopping multistate intermittency regime as a function of noise intensity η × 102 and a low pass filter for frequency
fn × 10 kHz, [17].

9.3 Potential applications and limitations

The proposal includes an experimental implementation concept involving a function generator, noise generator, laser
driver, EDFL cavity, photodetector, and data-acquisition system. The state-dependent amplitude of the laser output
would select the logical operation performed on two digital inputs. Beyond logic gates, the authors point to potential
use in pseudo-random number generation, encryption, simulations, and optimization [17].

A rigorous review must separate promise from demonstrated performance. The study is numerical and pro-
poses an experimental configuration. It does not yet establish gate speed, error rate, cascaded operation, energy
consumption, or robustness to uncontrolled intrinsic noise. These are important next steps. Nevertheless, the work
demonstrates a general principle: multistable photonic dynamics can be functionalized when noise is treated as a
tunable state-selection input rather than as an uncontrolled disturbance.

10 Stochastic Cloning of Dynamical Systems with Hidden Variables

The 2025 study Stochastic cloning of dynamical systems with hidden variables introduces a data-driven perspective on
noisy nonlinear systems [18]. It uses reservoir computing to reconstruct the response of stochastic systems driven by
known external noise while only part of the internal dynamics is observed.

10.1 Strong versus weak cloning

A strong clone reproduces the trajectory of the target system under the same external noise realization. A weak
clone reproduces selected statistical properties, for example distributions of activation intervals, without requiring
pointwise trajectory agreement. The distinction is fundamental. Strong cloning requires a deterministic functional
mapping from the external input to the observed response. If the same forcing applied to identical systems with
different initial conditions does not make them converge, then the response is not uniquely determined by the forcing
and exact trajectory cloning is impossible [18].

The study formalizes weak cloning through agreement of moments or relevant statistical metrics between the
true and reconstructed processes. This viewpoint is appropriate for stochastic or partially observed systems, where a
probabilistic model can be scientifically useful even if it cannot predict individual future events exactly.
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Table 4: Noise functions, observables, and applications in the reviewed EDFL studies.

Role of noise Primary observables Consequence or application

Perturbation Spectral background, amplitude
fluctuations

Stability limitation; baseline characteriza-
tion

Critical probe Spectral noise near bifurcations Detection of enhanced susceptibility and
approaching transitions

Switching mechanism State probabilities, residence
times, transition sequences

Noise-induced attractor hopping and
multistate intermittency

Extreme-event regula-
tor

Peak-intensity PDFs, waiting
times, probability maps

Control or suppression of rare high-
amplitude pulses

Information resource Periodic-state labels, logic out-
puts, statistical metrics

Optical logic, pseudo-random sequences,
weak stochastic cloning

10.2 Reservoir-computing architecture

The reservoir receives the external noise, the measured system response, and delayed copies of both. A recurrent
hidden layer transforms the inputs nonlinearly, and a trained readout produces the predicted signal. Delay-coordinate
embedding enriches the representation of partially observed dynamics [18]. Reservoir computing is well suited
to nonlinear temporal systems because it can approximate complex input–output mappings without explicitly
estimating the full governing equations [31, 32].

Previous work has shown that RC can infer unmeasured variables in chaotic systems, forecast large spatiotem-
porally chaotic dynamics, construct data-driven digital twins, and predict critical transitions [33, 34, 35, 36]. The
stochastic-cloning framework adds a useful theoretical criterion: it identifies when trajectory-level prediction is
physically feasible and when only statistical reproduction should be expected.

10.3 Application to the stochastic EDFL

The article examined a stochastic EDFL model with laser intensity and population inversion as state variables. Only
the externally injected noise and laser intensity were supplied to the RC; inversion was treated as hidden. Exact
prediction was not achieved. The best strong-prediction accuracy remained limited even after adding delayed inputs.
Nevertheless, the distribution of interspike activation intervals of the RC output closely matched the distribution for
the original EDFL signal, yielding high weak-cloning performance [18].

The authors then performed an experimental verification with a noise-driven EDFL. The weak clone reproduced
key statistical properties, although background measurement noise limited the reconstruction quality. This result gives
a realistic perspective on data-driven modeling of noisy lasers. A model can be useful for predicting distributions,
activation statistics, or risk measures even when the exact pulse sequence is not reproducible.

11 Synthesis: A Hierarchy of Noise Functions in Multistable EDFLs

The studies reviewed above support a hierarchy of roles for noise in EDFLs. First, noise is a perturbation: it broadens
signals and can destabilize a desired operating state. Second, it is a probe: near bifurcations, amplified fluctuations
reveal increasing susceptibility. Third, it is a transition mechanism: it enables hopping across basin boundaries and
creates multistate intermittency. Fourth, it is an extreme-event control: through amplitude and filtering, it regulates the
probability of rare high-amplitude excursions. Fifth, it is an information resource: state occupancy can select logic
operations and drive statistical inference.

This hierarchy also identifies experimental requirements. A credible noise-control study must specify the injection
point, amplitude calibration, spectral filtering, probability distribution, sampling rate, measurement bandwidth,
initial-condition protocol, state-classification method, and observation duration. Without this information, it is
difficult to distinguish a true change in nonlinear dynamics from a change in measurement conditions or forcing
statistics.
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12 Open Problems and Future Directions

12.1 Transition matrices and basin-resolved experiments

Future work should construct state-to-state transition matrices as functions of noise amplitude and correlation time.
Such matrices would quantify whether transitions are symmetric, whether particular states act as hubs, and whether
direct transitions are suppressed by phase-space structure. Combining these measurements with numerical basin
maps and unstable invariant-set calculations would clarify the mechanisms behind hopping and saturation-like noise
transfer.

The 2009 basin calculations also motivate a separate repeated-preparation experiment at noise levels below the
observed hopping regime [14]. Such a test would estimate the probability of selecting each response following a
controlled reset and compare it with finite-time occupation probabilities measured after selection. Because population
inversion is not directly initialized or observed in the original experiments, agreement with a simulated basin map
must account for the experimentally accessible preparation ensemble rather than assume uniform sampling of the
full model state space.

12.2 Early-warning indicators in photonic systems

The observed prebifurcation amplification motivates a systematic comparison of candidate early-warning signals:
spectral background, variance, autocorrelation, recovery time, residence-time changes, and symbolic entropy. EDFLs
could serve as benchmark systems because their control parameters and noise injection can be manipulated
reproducibly. The objective should not be to identify a universal indicator, but to establish operating conditions
under which a given observable provides reliable warning of a specified transition.

12.3 Extreme-event forecasting and control

The multistable rogue-wave mechanism suggests that extreme events may be forecast probabilistically from proximity
to basin boundaries and state-occupation statistics. A practical research program would measure conditional
probabilities of high-amplitude excursions given recent dwell times, spectral fluctuations, or filtered-noise history.
Reservoir computing and physics-informed models could be compared for this task. The relevant metric is likely not
pointwise prediction but calibrated event probability and false-alarm rate.

12.4 Experimental optical logic

The logic proposal needs experimental validation under controlled and uncontrolled noise. Important metrics include
gate-selection error, latency, repeatability, state-recognition robustness, effect of finite detector bandwidth, energy
cost, and compatibility with cascaded photonic circuits. An intermediate demonstration could implement a single
state-selected operation with repeated trials and full uncertainty analysis before moving to four-gate functionality.

12.5 Hybrid physics–machine-learning models

The stochastic-cloning results motivate hybrid approaches in which a reduced EDFL model supplies physically
meaningful coordinates while a reservoir or other learning system captures unresolved effects. Such models
may improve statistical prediction without overstating trajectory-level predictability. They could also identify
which additional measurements—for example pump-current fluctuations, polarization information, or spectral
components—most improve observability of the hidden population-inversion dynamics.

13 Conclusions

The reviewed works establish the diode-pumped erbium-doped fiber laser as a versatile laboratory for the study of
noise in nonlinear dynamical systems. The EDFL supports multistability among periodic states, and this deterministic
structure allows external noise to produce organized effects: attractor hopping, changes in state probability, enhanced
fluctuations near bifurcations, and rare high-amplitude excursions with rogue-wave statistics. The response depends
not only on noise amplitude but also on its spectral content, especially relative to the intrinsic relaxation time scale of
the laser.
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Basin-resolved control supplies the connection between state accessibility and state elimination. Harmonic
modulation can remove competing attractors together with their sampled basins, whereas weak stochastic modulation
can bias preparation outcomes without sustained intermittency in the reported regime [14]. Preserving this distinction
prevents a change in observed state probability from being mistaken for a change in the number of underlying
attractors, and helps frame both extreme-event control and reliable photonic state selection.

The review also emphasizes a methodological lesson. Brownian-like spectra, DFA exponents, and heavy-tailed
distributions do not uniquely establish stochastic origin. Deterministic systems can exhibit similar signatures, so
physically meaningful interpretation requires controlled forcing, validated models, symbolic diagnostics, and carefully
designed statistical tests. Ordinal-pattern analysis and reservoir-based stochastic cloning provide complementary
tools for this purpose.

Finally, multistability and noise can be exploited rather than merely tolerated. Noise-controlled occupation of
coexisting EDFL states offers a route toward reconfigurable optical logic. When exact trajectories are not predictable
because of hidden variables and stochastic influences, reservoir computing can still provide weak clones that
reproduce relevant statistics. Taken together, these results show that noise is not simply an imperfection in nonlinear
photonics. Properly characterized and controlled, it is a tunable probe of criticality, a mechanism for state selection, a
driver of rare events, and a resource for photonic information processing.
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• Dr. Carlos Sánchez López, Universidad Autónoma de Tlaxcala (UATx), México.
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