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Abstract

This work presents the numerical implementation and evaluation of a chaotic system that generates multiple attractors, and
analyzes these attractors using time-series data via the wavelet transform. This technique enables the examination of time-
frequency fluctuations at multiple resolutions, facilitating the identification of complex and transient patterns in chaotic behavior.
A key characteristic of chaotic systems is their high sensitivity to initial conditions. black Visualizing chaotic dynamics through
wavelet-based power time–scale (scalogram) representations facilitates an understanding of their evolution. Moreover, this
approach enables the detection of transient patterns and significant changes in the time series, providing insight into transitions
between chaotic states. The multi-resolution decomposition inherent to the wavelet transform also enhances the accuracy of
predictive models for chaotic time series.
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1 Introduction

This work presents the numerical implementation and evaluation of a chaotic system that generates multiple scrolls,
and analyzes them using time-series data and the wavelet transform. This technique enables the examination of
time-frequency fluctuations at multiple resolutions, facilitating the identification of complex and transient patterns in
chaotic time series. Wavelet transform analysis is based on multi-resolution decomposition, which breaks a signal
into components at different scales and frequencies, enabling the exploration of both long-term and short-term
dynamics [1].
Many natural phenomena and processes are inherently nonlinear. One particularly intriguing manifestation of
nonlinearity is chaotic behavior. In the early 1960s, meteorologist Edward Lorenz attempted to extend weather
forecasting beyond four or five days. To do so, he developed a simplified nonlinear model consisting of three
equations with three independent variables, thereby reducing the vast number of variables typically involved in
atmospheric modeling. This model provided only a qualitative description of the chaotic evolution of climate systems
[2].
A key characteristic of chaotic systems is their extreme sensitivity to initial conditions—small variations at the start
of a process can lead to vastly different outcomes. Although numerous systems exhibit chaotic behavior, particular
interest lies in those whose responses oscillate chaotically. Examples include the Lorenz, Rössler, and Chua systems,
which are frequently analyzed using numerical techniques [3].

Among the various mathematical tools available for analyzing signals generated by chaotic systems, the wavelet
transform stands out for its ability to characterize time series in terms of energy distribution and to extract ad-
ditional information from systems exhibiting multiple chaotic attractors. These analyses aim to identify patterns
and transitions inherent to chaotic dynamics. Visualizing chaotic behavior using the wavelet transform produces
representations akin to power spectrograms, aiding in the understanding of how such dynamics evolve across time
and scale [4, 5, 6].

The wavelet transform offers a distinct advantage in analyzing chaotic time series due to its adaptability to
non-stationary data. Since chaotic signals are inherently non-stationary, this technique is particularly well-suited for
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their study. Additionally, it enables the identification of transient patterns and the detection of key events or signal
changes, offering insight into transitions between different chaotic states [7].
Seminal treatments of wavelets for signal analysis can be found in Mallat (1999) [8], while several works specifically
apply wavelet-based diagnostics to chaotic and hyperchaotic time series (Murguía & Campos-Cantón, 2006; Murguía
et al., 2018 [9, 10]). These studies motivate our use of the wavelet variance and scalogram-type diagnostics to
characterize scale-localized features of multi-scroll attractors. Another notable benefit of the wavelet transform is
its ability to filter out noise, thereby facilitating the identification of underlying chaotic structures in a signal. By
analyzing dynamics across multiple scales, it reveals features and patterns that would remain hidden with traditional
Fourier-based methods [11, 12].

The wavelet transform has been successfully applied to analyze chaotic time series originating from numerical
simulations, electronic circuits, and physical systems. Its multi-resolution decomposition also enhances the accuracy
of predictive models. Furthermore, it has been used in biomedical contexts to analyze electroencephalographic (EEG)
and electrocardiographic (ECG) signals, revealing chaotic or irregular behaviors [13].
This paper is organized as follows: Section 2 provides an overview of the discrete wavelet transform. Section 3
details the numerical implementation of a chaotic system capable of generating multiple scrolls. Section 4 presents
the wavelet-based analysis applied to the resulting time series. Finally, Section 5 offers concluding remarks.

2 Wavelet Transform

The wavelet transform is an alternative and complementary mathematical technique to the Fourier transform [12,
14]. Its discrete version helps determine the energy distribution of coefficients, revealing information about the
chaotic time series that generated them. The wavelet transform is particularly useful for analyzing dynamic signals
originating from chaotic systems or oscillators [15].

First, the scaled–translated wavelet family is described by [8, 9, 10]:

ψa,b(t) =
1√
a

ψ

(
t − b

a

)
, a > 0, b ∈ R. (1)

While the continuous wavelet transform is defined by equation (2).

W f (a, b) =
1√
a

∫ ∞

−∞
f (t)ψ

(
t − b

a

)
dt. (2)

Here, ψ(t) ∈ L2(R) may be real or complex-valued. The inner product in L2(R) is defined as < f , ψa,b> :=∫ ∞
∞ f (t)ψa,b(t)dt, where the overline denotes complex conjugation. This ensures that the continuous wavelet transform

defines a proper Hilbert-space projection. a ∈ R+ (a ̸= 0) is the scale or dilation parameter, and b ∈ R is the
translation parameter.

The discrete wavelet transform involves defining a discrete grid for these parameters (a, b). For computational
efficiency, they are discretized using a dyadic scheme, as shown in equation (3).

a = 2−j; b = k2−j = ka; (3)

where j and k are the dilation and translation indices, which are integers. The discrete form of the wavelet function
is defined by equation (4).

ψj,k(t) = 2j/2ψ(2jt − k). (4)

By substituting equation (1) into (2), the discrete wavelet transform can be expressed as in equation (5).

f j,k = W f (2
−j, k2−j) =

∫ ∞

−∞
f (t)ψj,k(t)dt. (5)

The reconstruction of the time series from the coefficients ψj,k yields the orthonormal basis shown in equation (6).

f (t) =
∞

∑
j=−∞

∞

∑
k=−∞

f j,kψj,k(t) (6)
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Representing the time series using an orthonormal wavelet basis facilitates both analytical and computational
processing. The contribution of the time series at a particular wavelet level j is given by equation (7).

f j(t) = ∑
k

f j,kψj,k(t) (7)

Implementing the discrete wavelet transform numerically requires techniques such as multi-resolution analysis to
derive the wavelet basis. This framework enables hierarchical decomposition of time series into sub-bands. Figure 1
illustrates the structure of multi-resolution analysis as a decomposition of vector space.

Figure 1: Multi-resolution analysis of the vector space using the scaling function φ(t) and wavelet function ψ(t).

In multi-resolution analysis, the wavelet function is associated with the scaling function φ(t), which generates the
approximation spaces Vj by integer shifts and dyadic dilations. Whereas ψ, generates the detail spaces {Wj}, which
are orthonormal complements of Vj, satisfying the relation Vj+1 = Vj ⊕ Wj. Since φ ∈ V0 ⊂ V1 and ψ ∈ W0 ⊂ V1, the
scaling function and wavelet satisfy equations (8) and (9). Therefore, Equation (4) defines the discrete wavelet basis
functions ψj,k used for the DWT expansion.

φ(t) =
√

2 ∑
k∈Z

hk φ(2t − k), (8)

ψ(t) =
√

2 ∑
k∈Z

gk φ(2t − k). (9)

Here, gk = (−1)nh1−k. Based on multi-resolution analysis, the decomposition of a finite time series f ∈ L2(R) is
shown in equation (10).

f (t) =
2j0

∑
k=1

cj0,k φj0,k(t) +
j−1

∑
j=j0

2j

∑
k=1

f j,kψj,k(t) (10)

The corresponding scale and wavelet coefficients are computed as shown in equations (11) and (12).

cj0,k =
∫ ∞

−∞
f (t)φj0,k(t)dt (11)

f j,k =
∫ ∞

−∞
f (t)ψk,j(t)dt (12)

In practice, for discrete signals, these coefficients are computed using the discrete wavelet transform (DWT)
implemented via the Mallat filter-bank (pyramid) algorithm [16], which performs convolution with quadrature
mirror filters followed by dyadic subsampling at each decomposition level.

Many physical signals exhibit scale invariance, meaning their structure remains consistent across scales. These
include waveforms with fractal characteristics. In particular, an important class of statistically scale-invariant
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functions is the family of 1/ f random processes [17]. A signal f (t) is considered statistically self-similar if it satisfies
the scaling relationship in equation (13).

f (t) ∼= a−H f (at) (13)

Where a > 0, and the equivalence symbol denotes that both signals have the same statistical properties. The
time-scale structure of the wavelet transform makes it particularly effective for analyzing functions and distributions
that exhibit self-similarity. If a signal f (t) is self-similar, its wavelet transform will also exhibit self-similar properties.
For such signals, the variance of the wavelet coefficients f j,k follows equation (14).

var( f j,k) ≈ (2j)−β (14)

Here, β = 2H + 1, where H is the self-similarity parameter. The scaling law in (13) and the relation β = 2H + 1
follow from the wavelet variance scaling for self-similar processes; see Wornell & Oppenheim (1992) and Abry &
Veitch (1998) [18, 19] for derivations connecting the Hurst exponent H with the spectral exponent β).

Beyond the spectral exponent β, the self-similarity parameter H is also connected to other scaling exponents
commonly used in fractal analysis. In detrended fluctuation analysis (DFA), the fluctuation function scales as:

F(s) ∼ sα, (15)

where for monofractal processes α = H. In multifractal DFA (MF-DFA), the generalized fluctuation functions obey

Fq(s) ∼ sh(q), (16)

where h(2) = H for statistically self-similar signals. Thus, the exponent H represents a particular case within a
broader class of scaling exponents that characterize long-range correlations and scale invariance.

The relationship in equation (14) helps characterize different types of time series. If the energy is evenly distributed
across most levels, the time series behaves like noise. In contrast, if a few adjacent levels concentrate most of the
energy, it indicates a dominant or carrier frequency. These characteristics can be observed by plotting the logarithm
of the variance of wavelet coefficients against level j, as will be illustrated later in the text.

Remark (scale vs. frequency): In the wavelet transform, the dilation parameter a (scale) is inversely related to
pseudo-frequency: roughly, f ∝ fc/a, where fc is the wavelet’s center frequency (dependent on the chosen mother
wavelet). Thus, a small a (low scale) corresponds to high-frequency content and a large a to low-frequency content.
The exact scale–frequency mapping depends on the mother wavelet. See Mallat (1999) [8].

3 Chaotic Attractor with Multiple Scrolls

This section provides a brief overview of the numerical implementation of a chaotic system capable of generating
numerous scrolls for studying chaotic time series. Although structurally simple, these systems exhibit complex
chaotic behavior that has attracted significant attention across mathematics, physics, and engineering [20, 21]. We
consider a class of linear systems defined by equation (17).

ẋ = Ax + B (17)

Here, x = [x1, x2, x3]
T ∈ R3 is the state vector, B = [β1, β2, β3]

T ∈ R3 is a constant vector, and A = [αij] ∈ R3×3

represents a linear operator. The system’s equilibrium points are given by x∗0 = −A−1B [22, 23].

The system dynamics can be derived from the third-order linear differential equation
...
x + α33 ẍ + α32 ẋ + α31x +

β3 = 0, which corresponds to the state-space formulation in equation (17). The matrices A and B are defined as:

A =

 0 1 0
0 0 1

−α31 −α32 −α33

 ; B =

 0
0
β3

 , (18)

where the parameters α31, α32, α33 ∈ R are arbitrary scalars chosen to ensure that the system remains piece-
wise linear. Specifically, the trace condition Tr(A) = ∑3

i=1 λi < 0 must hold, and the characteristic polynomial
g(λ) = λ3 + α33λ2 + α32λ + α31 should have one negative real eigenvalue and a complex pair with positive real part
[24]. For this work, we use α31 = 1.5, α32 = 1, and α33 = 1.
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To produce multiple scrolls, we introduce a switching control signal β3 that alternates between two values, S1 and
S2, resulting in two distinct equilibrium points and generating a double-scroll attractor. By incorporating additional
piecewise-linear segments into the switching function, we can extend this approach to generate chaotic attractors
with multiple scrolls, with the number of scrolls determined by the number of switching regions. This control signal
depends on a single state variable, typically x1, and defines domain boundaries through hyperplanes aligned with a
coordinate axis [22].

The control signal described by equation (19) generates a double-scroll chaotic attractor:

β3 =

{
S1 = 1.8, if x1 ≥ 0.3;
S2 = −0.9, otherwise.

(19)

Using equations (17)–(19), the equilibrium points are calculated as x∗1
0 = (0.6, 0, 0)T and x∗2

0 = (0, 0, 0)T .

Figure 2: Multiple Scrolls.

Figure 2(a) shows the projection of the resulting two-scroll chaotic attractor on the (x1, x2) plane. By modifying
the control signal, we generate a three-scroll chaotic attractor, as defined in equation (20):

β3 =


0.9, if x1 ≥ 0.3;
0, if − 0.3 < x1 < 0.3;
−0.9, if x1 ≤ −0.3.

(20)

Note that the equilibrium point x∗3
0 is the negative of x∗1

0 , resulting in a symmetric attractor structure, as illustrated
in Figure 2(b). The projection in the (x1, x2) plane clearly reveals the presence of three scrolls.

To generate attractors with four or five scrolls, we continue using equations (17) and (18), introducing additional
switching boundaries. The control signal for the four-scroll system is given by equation (21), while equation (22)
defines the signal for five scrolls:

β3 =


1.8, if x1 ≥ 0.9;
0.9, if 0.3 < x1 < 0.9;
0, if − 0.3 < x1 < 0.3;
−0.9, if x1 ≤ −0.3.

(21)
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β3 =



1.8, if x1 ≥ 0.9;
0.9, if 0.3 < x1 < 0.9;
0, if − 0.3 < x1 < 0.3;
−0.9, if − 0.9 < x1 ≤ −0.3;
−1.8, if x1 ≤ −0.9.

(22)

The equilibrium points x∗4
0 = (1.2, 0, 0)T and x∗5

0 = (−1.2, 0, 0)T are added to the existing set of fixed points.
Figure 2(c) displays the projection of the four-scroll attractor, while Figure 2(d) shows the projection for five scrolls.
All the time series were generated by numerically integrating Eq. (17) with Eq. (18) and the switching laws from Eqs.
(19)-(22) using a fixed-step fourth-order Runge–Kutta integrator (RK4). We used an integration step of 1.0 × 10−3 s,
and initial condition x(0) = (0.1, 0, 0)T unless otherwise stated. The first 1, 024 samples were discarded to remove
transient behavior before analysis.

4 Analysis of Chaotic Time Series

We analyze the chaotic time series generated by the system capable of producing multiple scrolls, as shown in
Figure 2. This analysis is conducted using the wavelet transform, applied to the time series derived from the system
described above. The interpretation is based on the energy distribution of the wavelet coefficients at different
resolution levels. The objective is to determine whether the energy distribution across these levels reveals additional
insights into the structure of chaotic time series, as illustrated in Figure 3.

Figure 3: Analysis of time series generated with multiple scrolls using the wavelet transform.

Previous studies have examined different types of time series, identifying properties that depend on the nature of
the underlying signal. Time series with chaotic dynamics generated through simulations (for instance [Murgia2018,
9]) or electronic circuits form the basis for the current investigation. In general, analyzing a chaotic time series
enables the identification of specific features or patterns in the data. The following observations clarify how such
behavior can be characterized:

1. A localized peak in the semi-log variance indicates a concentrated carrier-like component (see Murguía &
Campos-Cantón, 2006 [9]).

2. A near-zero slope corresponds to broadband, noise-like energy distribution (Wornell & Oppenheim, 1992 [18]).

42



L.J. Ontanon-Garcia, et al.

3. A negative slope indicates scale-invariance/fractal-like dynamics; the slope is related to the spectral exponent
β = 2H + 1 (Wornell & Oppenheim, 1992 [18]).

These behaviors can be interpreted through the logarithm of the variance as a function of resolution levels,
based on equation (14), which involves the coefficients f j,k, the resolution levels j, and the self-similarity exponent β.
This section aims to characterize the behavior of chaotic time series, particularly those with multi-scroll dynamics
described in earlier sections.

Figure 3(a) presents the wavelet analysis of the state variable x1 for systems with varying numbers of scrolls.
For the two-scroll system (blue dotted line), the energy is concentrated at level j = 10, indicating a dominant
frequency component. As the number of scrolls increases, the energy distribution becomes more uniform across
levels. Figure 3(b) shows the analysis for state x2, where the two-scroll system exhibits significant energy at level
j = 12, suggesting distinct dynamics compared to higher-scroll systems. Figure 3(c) shows similar results for state x3,
where the two-scroll system again displays dominant energy at levels j = 12 and j = 13, indicating that combining
these levels results in a more accurate signal reconstruction.

It is also evident from Figure 3 that as the number of scrolls increases, especially in state x1—the coordinate that
defines the multi-scroll behavior—the energy distribution changes. Initially, the graph shows a positive slope at
lower-resolution levels, transitioning to a negative slope at higher-resolution levels. This shift reflects a transformation
toward fractal behavior in the time series, particularly in state x1.

We now analyze in detail the wavelet transform applied to the time series produced by the three-scroll chaotic
system shown in Figure 2(b), with the results presented in Figure 4.

Figure 4(a) displays the time series of state x1 from the three-scroll system (see Figure 2(b)). The series consists of
32, 768 points, corresponding to a maximum decomposition level of m = log2(32768) = 15. Figure 4(b) presents the
logarithmic variance of the wavelet coefficients as a function of level j, using the Daubechies db8 wavelet. Which was
selected for its balance between compact support and sufficient vanishing moments, providing good localization
of both transient and low-frequency components in chaotic signals [9, 25]. In addition, the db8 was selected due
to its eight vanishing moments and compact support, which provide an appropriate compromise between time
localization and frequency selectivity. Since wavelet-based scaling estimation requires the number of vanishing
moments to exceed the signal’s regularity exponent, db8 provides sufficient smoothness for robust characterization of
fractal-like behavior in the analyzed time series [26, 27, 28]. Up to level j = 9, the energy distribution resembles that
of white noise, with a near-zero slope and relatively high energy. From level j = 10 onward, the variance decreases
progressively, indicating fractal-like behavior.

A partial reconstruction of x1 using coefficients from levels j = 8 to j = 11 is shown in Figure 4(c). The
corresponding reconstruction error is displayed in Figure 4(d), where an oscillating error of approximately 25%
amplitude suggests that energy is spread across more levels, and that additional levels should be included to achieve
higher accuracy.

Figure 5 presents the same type of analysis for state x2. Figure 5(a) shows the numerical data, while Figure 5(b)
plots the logarithmic variance of the wavelet coefficients. A pronounced peak is observed at level j = 11. Since levels
j = 12 and j = 13 also show high energy, all three levels were used for reconstruction, shown in Figure 5(c). The
result confirms a high energy concentration, indicative of a carrier frequency. The reconstruction error is shown in
Figure 5(d).

Finally, Figure 6 presents the analysis of state x3. The time series is shown in Figure 6(a), and the logarithmic
variance of wavelet coefficients is displayed in Figure 6(b), revealing a dominant frequency component. Figure 6(c)
shows the reconstruction using levels j = 12 and j = 13, which account for the highest energy. The reconstruction
error, shown in Figure 6(d), confirms the adequacy of these two levels.

The link between a negative slope in the semi-log variance plot and fractal (self-similar) dynamics follows from
the scaling law (13): for self-similar processes, the wavelet coefficient variance scales as (2j)−β, and β > 0 indicates
scale-invariance with fractal properties [29, 18]. Practically, concentrated energy (localized peaks) is desirable for
reconstruction and signal recovery tasks; by contrast, distributed/fractal energy profiles increase the difficulty
of selective reconstruction and are potentially advantageous for masking/encryption. We emphasize that which
behavior is ’desirable’ depends on the application: (i) for trajectory reconstruction or reduced-order modeling, choose
states/scales with localized energy; (ii) for secure communication, states with distributed energy across scales may
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Figure 4: (a) Numerical data for state x1; (b) logarithm of the variance of the wavelet coefficients; (c) reconstruction using four
wavelet levels; (d) error between the original and reconstructed signal.

provide natural masking.
In summary, for the three-scroll system shown in Figure 2(b), reconstructing state x1 requires at least four wavelet

levels. State x2 concentrates energy in three levels, while state x3 shows strong energy in just two levels. As the
number of scrolls increases beyond two (n > 2), the system exhibits similar behavior across all states. In such cases,
the energy variance across levels exhibits a negative slope, characteristic of fractal behavior.

5 Conclusion

This work presented the numerical implementation of a chaotic system capable of generating multiple scrolls and its
corresponding analysis using the wavelet transform. The objective was to identify characteristic features that could
help determine the origin and nature of time series associated with chaotic attractors exhibiting multi-scroll behavior.
The results confirm that the wavelet transform is a powerful mathematical tool for analyzing signals, particularly
for capturing energy distributions across multiple resolution levels. By applying this transform to chaotic time
series, we identified distinguishing features related to the structure and complexity of the underlying dynamics. The
observed patterns were consistent across systems with chaotic behavior, providing a meaningful characterization of
the attractors.
It was observed that as the number of scrolls increases, the energy distribution in state x1—the state governing scroll
generation in phase space—undergoes a clear transition. Specifically, the slope of the energy distribution in the
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Figure 5: (a) Numerical data for state x2; (b) logarithm of the variance of wavelet coefficients; (c) reconstruction using three
wavelet levels; (d) error between the original and reconstructed signal.

semi-logarithmic variance plot shifts from slightly positive to negative, indicating the emergence of fractal behavior.
In contrast, the energy distribution of states in which scroll generation is not dominant remains relatively stable.
States x2 and x3 exhibited similar behavior across different scroll configurations, characterized by two key components:
a Gaussian-noise-like pattern and a carrier frequency. The noise-like behavior corresponds to a flat (zero-gradient)
profile in the semi-logarithmic plot of wavelet coefficient variance. At the same time, the carrier frequency manifests
as a localized energy peak over two or three consecutive resolution levels, followed by a negative slope indicative of
fractal behavior.
For state x1, a transition point at level j = 8 marks the shift from noise-like to fractal behavior. In states x2 and
x3, energy is concentrated at specific levels, with reconstructions using just a few wavelet bands yielding a strong
representation of the original signal—evidence of a dominant frequency component. This observation suggests that
states x2 and x3 carry structural information that is relatively independent of system dynamics, unlike state x1.
The presence of energy concentration in only a few levels for states x2 and x3 should not be surprising, as these
states are not directly responsible for scroll generation. Their behavior makes them suitable candidates for signal
recovery tasks. Through wavelet analysis, we can identify which states provide richer information content, thereby
supporting selective signal reconstruction or masking strategies in chaotic systems.
Wavelet transforms have become increasingly popular in recent years for analyzing energy distributions across differ-
ent resolution levels. They are used in various applications, including data compression, noise removal, biomedical
signal analysis, frequency and time localization analysis, fractal and turbulence modeling, and communication
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Figure 6: (a) Numerical data for state x3; (b) logarithm of the variance of wavelet coefficients; (c) reconstruction using two wavelet
levels; (d) error between the original and reconstructed signal.

systems, among many others. The key lies in matching the shape of the parent wavelet to the shape of the features
being isolated in the time series (peaks, edges, regularity, etc.). Therefore, future work will review different wavelet
functions and provide evidence to determine which is best suited for the analysis.
This study provides a strong foundation and motivation for continued research in both numerical simulation and
experimental validation of multi-scroll chaotic systems. Beyond characterizing energy concentration in modulated
states, this method can be extended to detect optimal states for information masking or encryption. Future work
should investigate the effect of external noise on the system, particularly in practical implementations. Moreover, the
potential of this system as a secure communication channel—by leveraging its natural masking properties—warrants
integrating signal encryption schemes with wavelet-based analysis.
Additionally, the observed wavelet energy profiles suggest the design of intelligent classification or prediction
algorithms based on resolution-level signatures. This could lead to applications in signal diagnostics, pattern
recognition in nonlinear systems, or the identification of time-series anomalies using a compact and efficient set of
features derived from wavelet coefficients.
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